Ural Federal University named after the first President of Russia B.N.Yeltsin
ECONOMETRICS
Intermediate level



Kristina V. Chukavina, 	Nadezhda V. Kislyak	Oleg S. Mariev, 	




Contents
INTRODUCTION	3
CHAPTER 1. INTRODUCTION TO ECONOMETRICS	4
    §1.1 The nature of econometrics	4
§1.2 Stages of econometric modelling. Types of data	4
§1.3 Pairwise linear regression model	7
§1.4 Multiple linear regression model	16
§1.5 Properties of OLS estimator	20
§1.6 Dummy variables	21
CHAPTER 2. HYPOTHESES TESTING	24
§2.1 T–test	24
§2.2 F–test	28
CHAPTER 3. VIOLATION OF BASIC ASSUMPTIONS	31
§3.1 Heteroskedasticity	31
§3.2 Autocorrelation	36
§3.3 Multicollinearity	39
CHAPTER 4. ENDOGENEITY	43
§4.1 Problem and potential reasons	43
§4.2 Omitted variables	43
§4.3 Functional form misspecification	46
§4.4 Measurement errors	48
§4.5 Simultaneity	48
§4.6 Solution to endogeneity problem	51
§4.7 Testing for endogeneity	54
CHAPTER 5. SYSTEMS OF REGRESSION EQUATIONS	64
§5.1 Introduction to systems of equations	64
§5.2 Seemingly unrelated regressions	64
§5.3 Simaltenous equations models	65
§5.4 Application of SEM to different types of data	70
CHAPTER 6. TIME SERIES	73
§6.1 Introduction to time series	73
§6.2 Unit root	77
§6.3 AR, MA, ARMA models	82
§6.4 Box–Jenkins methodology	86
CHAPTER 7. PANEL DATA	88
§7.1 Introduction to panel data	88
§7.2 Advantages and problems	88
§7.3 FD, FE, RE	91
§7.4 Hausman test	99
CHAPTER 8. BINARY OUTCOME MODELS	101
§8.1 Linear probability model	101
§8.2 Logit and probit models	103
§8.3 MLE estimation of logit	105
§8.4 MLE estimation of probit	106
CHAPTER 9. MULTINOMIAL AND ORDERED MODELS	107
§9.1 Multinomial models	107
§9.2 Ordered models	108
§9.3 Censored and truncated regression models	111
CONCLUSION	115
REFERENCES	116
GLOSSARY	117


INTRODUCTION
This book is devoted to the intermediate level of econometric analysis. The target group of this book is first year master students who have the basic knowledge in mathematical analysis, statistics, algebra and probability theory. Econometric analysis is very important in nowadays economic research and requires deep understanding of different processes and methods of estimation. Econometrics is used in all applied economics fields to test economic theories, to inform government and private policy makers, and to predict economic time series. Sometimes, an econometric model is derived from a formal economic model, but in other cases, econometric models are based on informal economic reasoning and intuition. The goals of any econometric analysis are to estimate the parameters in the model and to test hypotheses about these parameters; the values and signs of the parameters determine the validity of an economic theory and the effects of certain policies. All the main tools and concepts required for empirical analysis are covered in this book.
The book contains 9 chapters. The first ones are devoted to the basics of econometrics, namely analysis of simple linear regressions, hypotheses testing, basic assumptions of OLS estimation and its main violations, namely heteroskedasticity, autocorrelation, multicollinearity and endogeneity problems. The rest chapters are devoted to the other parts of analysis with the use of other structures and data types: systems of equations, time series data, panel data analysis, binary outcome models, multinomial and ordered models.
This book could be very useful in the studying process during the lectures or seminars of econometrics.





CHAPTER 1. INTRODUCTION TO ECONOMETRICS
§1.1 The nature of econometrics
The major part of modern economic analysis is devoted to the problem of how different aspects of our life are related to each other and how to find an optimal model describing some economic fact. For example, which factors affect the level of wage or how the level of education influences the level of wage in future. With the use of real data and economic theory econometrics helps to reveal these relations. 
The term «econometrics» was introduced by Austro–Hungarian accountant in 1910. He believed that applying mathematical methods to accounting data can give a new overview of the results. But his concept was forgotten while the term «econometrics» turned into the name of a new discipline in economic science. 
At first, it is necessary to give a definition of econometrics. Econometrics is a discipline which aggregates theoretical methods and models. It is some kind of application of statistical and mathematical methods towards the testing of economic hypotheses, finding different relationships in real world and estimating the government policy.
To achieve all the stated goals in your econometric analysis, the first step is to construct an econometric model. The model is just a function of some variables:
,
where Y is a dependent variable and x1, x2,…, xn are independent (explanatory) variables.	
For example: 

§1.2 Stages of econometric modelling. Types of data
1. Economic intuition. At the first step you analyze your data and general economic situation and see that some variables correlate with each other. For example, market demand depends on its price, costs, prices of substitute goods, demand for complimentary goods etc. After that you need to choose the dependent variable and explanatory (or independent) variables. If your model consists of rather high number of explanatory variables (which are significant in your model) than it has high explanatory power.
2. The next stage of econometric modeling is the data collection and the choice of data type.
There are the following types of data in econometrics:
a) Cross–sectional data is a random sample of some subjects (variables) collected at the same point of time:

For example, if we want to measure the current level of income in some country, we can interrogate a sample of 10 000 people chosen randomly, ask their monthly wage (note: it is obligatory to observe the wage for the same month) and after that to calculate which percentage of the sample has the wage lower than the middle wage (or any other we are interested in). According to this example we see that cross–sectional data provides only the current state, we don’t know if the percentage of people with low wage becomes more or less.
b) Time series data are data that have been collected during some periods of time (it could contain one or more variables but over some period of time):
Y1, Y2,…,YT, T – coverage of the sample.
For example, if we want to measure how the agent’s wage changes over the course time, we need to collect the data about his wage over some period of time, for example, monthly wage in last 5 years. After that we can calculate dynamics of monthly individual’s wage. 
c) Panel data are the data which contain observations of some variables from different economic objects over some serial periods of time (in other words, panel data have the dimensions of both time series and cross–sections):
Let Xjit be the variable j from object i in time t.

Where i=1, …, N and t=1, …, T.
Panel data combines both cross–sectional and time series and looks at multiple subjects and how they change over times.
For example, suppose we have the data of wage, education and job experience for a set of individuals over last five years. Or we want to estimate trade flows from the set of countries to another set of countries over the 10 years period.
3. At the third stage we need to choose the model specification:
a) State the purpose of the modeling
b) Define the exogenous and endogenous variables in the model
c) Define the relations of dependence between the variables
d) Set up a prior constraints for random component
e) State a prior constraints for coefficients
Types of econometric models:
a) Time–series models: explanation of variable which changes over time on the basis of its previous values (for example, trend models, seasonality models).
b) Regression models with one equation: dependent variable is a function of independent (explanatory) variables and random error. This model can be linear or not, it depends on the kind of model function.
Example: 
Output function: 
· + ε

c) Simultaneous equations: agent’s behavior is described by the system of equations.
 Example: 
                                     (1.1)
This system of regression equations consists of demand equation, supply equation and the equation of market equilibrium (equity of demand and supply equations).
4. The next stage of econometric modeling is the identification of the model. It supposes statistical analysis of the model, first of all, statistical evaluation of parameters of the model. The main part of the analysis is the choice of method evaluation and the testing of different hypotheses.
5. Model verification: comparison of real data and received results, checking if the model shows reasonable results. Otherwise changing the model according to economic intuition and collected data.
§1.3 Pairwise linear regression model
Regression function could be presented in different ways. To choose appropriate one, the following should be taken into account: economic theory, experience, researcher’s intuition, empirical analysis of the data. In the pairwise case dataset is presented as the couple of variable sets: 
, i=1, 2, …, N
Every couple of numbers could be plotted as shown in the graphical illustration (Fig. 1.1):
[image: C:\Users\Kristina.Chukavina\Desktop\оланкнгл.png]
Fig. 1.1 Scatterplot
This graph is called «observation cloud», «correlation area», «scatter diagram». Scatterplot helps to define the kind of regression function.
Kinds of regression functions:
1. Linear regression function (Fig. 1.2, Fig. 1.3): 

[image: C:\Users\Kristina.Chukavina\Desktop\ангднгднд.png]
Fig. 1.2 Scatterplot of linear regression model (type 1)
[image: C:\Users\Kristina.Chukavina\Desktop\yyyyyyy.png]
Fig. 1.3 Scatterplot of linear regression model (type 2)
2. Quadratic regression function (Fig. 1.4): 
                                   (1.2)
There is one variable (x), but two regressors (x and x2) in this function.
[image: C:\Users\Kristina.Chukavina\Desktop\hhhhhhhhhd.png]
Fig. 1.4 Scatterplot of quadratic regression model 
3. Exponential regression function: y= αxβε (Illustration 1.5):
                                            (1.3)
[image: C:\Users\Kristina.Chukavina\Desktop\uuuuu.png]
Fig. 1.5 Scatterplot of exponential regression model 
4. Power regression function (Fig. 1.6): 
                                            (1.4)
[image: C:\Users\Kristina.Chukavina\Desktop\,mhv,hv.png]
Fig. 1.6 Scatterplot of power regression model 
5. Hyperbolic regression function (Fig. 1.7): 
                                          (1.5)
[image: C:\Users\Kristina.Chukavina\Desktop\1111111.png]
Fig. 1.7 Scatterplot of hyperbolic regression model 
6. x and y could be independent (Fig. 1.8):

[image: C:\Users\Kristina.Chukavina\Desktop\234.png]
Fig. 1.8 Scatterplot of independent x and y 
Econometric methods elaborated for evaluation of parameters of the model
Every model consists of some equations and every equation has some variables. Firstly, let us consider the simplest linear regression model which consists of two variables to understand technical bases of these non–trivial methods.
Let Y be an endogenous variable characterizing a result or efficiency of economic system under our analysis. The values of Y are generated inside the system as a consequence of other variables and factors. Also there is a set of explanatory (exogenous) variables which characterize the economic system state. These variables explain the generation of endogenous variables. 
Look at the Illustration 1.1. It is clearly seen that these two variables are positively dependent which means that increases in x are usually accompanied by increases in y. This means that the relationship between x and y could be described by approximate straight line fitting the data. Of course, in practice such method is going to be inaccurate. 
Let’s consider the simplest pairwise model:
                                         (1.6)
Variable y is considered as the dependent variable and consists of two components:
1) Nonrandom (determined): , where x is the explanatory (independent) variable. It could be mentioned that  is a general equation for a straight line that best fits the data.
2) Random component ε (random disturbance term).
Why to include this disturbance term into the model? There are the following important reasons:
1) Omitted variables. There is a set of some other variables that could affect y, but they are omitted because of:
a) Measurement problems. We know from the intuition that some variable influence y, but we cannot include it because we don’t know how to measure it (for example, psychological factor or hurricane). 
b) Low significance of the factor. We know how to measure some other factors but their impact is so small that it is not reasonable to include them into the model. 
c) Researcher mistake. Sometimes variable is omitted, because a researcher thinks that it is insignificant according to the lack of experience and knowledge. The problem is that it is never known which variables have to be included in the model. So, we can conclude that instead of dependence y=f(X1, …, Xn), where n is too much for practical goals, we consider the dependence with the smaller set of significant variables which we are interested the most.
2) Incorrect functional specification. This problem occurs when the researcher tests one kind of model, but specification is more complicated including some non–linear parts, for example.
3) Errors in observations (for example, understatement of real income). In this case observable data doesn’t reflect real balance and existing divergence is a part of random component.
Every change in Y is generated by the change in X and ε.
Let’s continue to analyze the pairwise linear regression model: 

Graphical illustration of a fitted line:
[image: C:\Users\Kristina.Chukavina\Desktop\7648.png]
Fig. 1.9 Graphical illustration of a fitted line
The main question is: how to estimate α and β in appropriate way? Intuition is rather clear: these coefficients are chosen in such a way that (vertical) distances from the data points to the fitted line are minimized (so that the line fits the data as closely as possible). This underlies the idea of the ordinary least squares method.
This method allows estimating unknown parameters in the linear regression model. The idea of the method is to minimize differences between the observed results in some random dataset and the responses predicted by the linear approximation of the data (visually it is seen as the sum of vertical distances between each data point in the data set and corresponding point on the regression line). Smaller the differences better the model fits the data: 
  β+  ,  where  is the error term.
 – fitted value for an observation I, where  is a residual for an observation i.
                                              (1.7)
We choose  and  in such a way to minimize:
                          (1.8)
Graphical illustration of OLS:
[image: ]
Fig. 1.10 Graphical illustration of ordinary least squares method
The idea of OLS method: estimate parameters α and β from the sample of data on Yi and xi: 
  β+  , i=1…N
Minimize the sum of the squared residuals:
                      (1.9)
F.O.C.:

After transformations:
                                         (1.10)

For checking the model approximation:
1. Pairwise correlation coefficient.
2. Coefficient of determination R2.
                                       (1.11)
                                        (1.12)
Where TSS is the total sum of squares:
                                     (1.13)
TSS reflects a common variation of variable y around the mean value.
RSS is the regression sum of squares:
                                     (1.14)
RSS reflects the explained part of variation of variable y.
ESS is the error sum of squares:
                                     (1.15)
ESS reflects unexplained part of variation of variable y.
R2 measures how well the independent variables explain the dependent variable Y.
The properties of determination coefficient
1. 0 ≤ R2 ≤ 1 
In other words:
0 ≤ R2 ≤ TSS 
2. Consider a case when R2 = 1, in other words ESS=0, consequently:
             (1.16)
It means that we’ve found a model which explains our dataset completely. This may occur only in the case of 2 observations. So, if we have R2 = 1 it is the signal that we should increase the number of observations.
3. R2 = 0, in other words RSS=0, consequently:

It means that the constructed model explains nothing. It could appear in the following cases:
a. x and y are independent: 
[image: C:\Users\Kristina.Chukavina\Desktop\876587.png]
Fig. 1.11 Graphical illustration of independent variables
b. There is a functional form misspecification (we’ve chosen linear relation instead of quadratic):
[image: C:\Users\Kristina.Chukavina\Desktop\o9876.png]
Fig. 1.12 Graphical illustration of functional form misspecification 
c. There is no correlation between variables, but may be the other statistical linkage (for example, heteroskedasticity):
[image: C:\Users\Kristina.Chukavina\Desktop\3.png]
Fig. 1.13 Graphical illustration of heteroskedasticity 
4. The model has the higher explanatory power (and  fits  more accurately) when R2 is closer to 1 It’s called a goodness of fit.
Note: for pairwise linear regression .
5. R2 could increase only in case of new explanatory variable addition in right–hand side of the equation.
§1.4 Multiple linear regression model
Multiple linear regression is the extension of pairwise linear regression in case when dependent variable is explained by more than one independent variables:
                    (1.17)
Estimation of the model parameters is implemented as in pairwise linear regression model (OLS method):
                                        (1.18)
= yi –
=+
= yi – +
Consider the following:

F.O.C.:
                                                 (1.19)

Let’s make the transformation of the first equation in the system: 
=0
=0

Let’s make the transformation of the second equation in the system:
=0
=0
+++…+=
Let’s make the transformation of the third equation in the system:
=0
=0
+
…
As a result we have the following system:

This system is called a system of normal equations for finding coefficients of multinomial linear regression using Ordinary Least Squares method.
In matrix representation:
A∙  = b                                             (1.20)
 = A–1∙b



Let’s introduce nomenclature:
X is the matrix of observations of independent variables.
It is needed to introduce coefficient consisting of unity elements because there is a free coefficient in the equation:
y=β0∙1+ β1x1+β2x2+…+βkxk+ ε



Vector of dependent variable observations:




A system of normal equations for finding coefficients of multinomial linear regression using Ordinary Least Squares method in matrix representation is as following:
(xTx)= xTy                                        (1.21)
Estimation coefficients of the model after the implementation of ordinary least squares method are presented as follows:
OLS=(xTx)–1 xTy                                    (1.22)
§1.5 Properties of OLS estimator
In order to get the best results with OLS method the following conditions should be satisfied (Gauss–Markov assumptions):
1. Linearity in parameters. The specification of the model is as following:
, where β1, β2, …, βk are the coefficients of interest, ε is the disturbance term
2. Random sampling. The sample of explanatory variables (x1, x2, …, xk) is random.
3. No perfect collinearity. There are no explanatory variables which are constant and there are no linear relationships between the explanatory variables.
4. Zero conditional mean. The error term ε has an expected value of zero given any values of the independent variables: 
                      (1.23)           
5. Homoskedasticity. The error term ε has the constant variance given any value of the explanatory variables (in other words, the variance of the error term doesn’t depend on the number of observations): 
                                       (1.24)
6. No autocorrelation. Error terms for different observations don’t correlate with each other: 
                           (1.25)
7. Normality. Error terms have a normal distribution: 

Conditions 1 to 5 are known as Gauss–Markov assumptions. If these conditions hold true in a model then this model is called classical multinomial linear regression model. If the condition of normality also holds then this model is called normal multinomial linear regression model.
Gauss–Markov theorem
If we limit the class of competing estimators appropriately, then we can show that OLS is the best within this class. Under Assumptions 1 to 5 the OLS estimator  for is the best linear unbiased estimator (BLUE). 
§1.6 Dummy variables 
Dummy variables are used for qualitative data. It is related to something that could not be counted so easily. Dummy variables can possess only two types of values: «0» and «1». In defining a dummy variable, we must decide which event will have the value one and which is zero. For example, in analysis of individual wage determination, we might define female to be a binary variable taking on the value one for females and the value zero for males. The name in this case indicates the event with the value one. The same information is captured by defining male to be one if the person is male and zero if the person is female. 
If the model has a characteristic which can take some values then we need to use general rule of dummy variables inclusion: the total number of dummy variables have to be (k–1), where k is the number of possible values of qualitative characteristic if there is a constant in the model. It is necessary to avoid perfect collinearity among the variables.
Example: we want to analyze in which season demand for ice–cream is the highest. For this purpose we need to introduce four dummy variables:







Then we have the model: 

Dataset is presented in the Table 1.1.
Table 1.1. Dataset for analysis
	Month
	dsummer
	dspring
	dautumn
	dwinter

	January
	0
	0
	0
	1

	February
	0
	0
	0
	1

	March
	0
	1
	0
	0

	April
	0
	1
	0
	0

	May
	0
	1
	0
	0

	June
	1
	0
	0
	0

	July
	1
	0
	0
	0

	August
	1
	0
	0
	0

	September
	0
	0
	1
	0

	October
	0
	0
	1
	0

	November
	0
	0
	1
	0

	December
	0
	0
	0
	1



Table 1.2. Mean demand for ice–cream in each season
	Season
	Mean demand for ice–cream

	Summer
	β0+ β1

	Autumn
	β0+ β2

	Winter
	β0+ β3

	Spring
	β0+ β4



But: 

so if data is correct, we cannot evaluate the model. 
That’s why we need to take into account the rule about introduction of some dummy variables of the same characteristic and exclude any variable, for example spring:

Derived model doesn’t hold the problem of multicollinearity. That’s why, after such transformations we can evaluate the model.

CHAPTER 2. HYPOTHESES TESTING
§2.1 T–test
There are two main instruments for testing statistical hypotheses. They could be used for the construction of test statistic and confidence intervals. For the both tests we start from a given hypothesis, namely the null hypothesis. Test statistic is computed under the assumption that the null hypothesis is valid. Decision whether the computed value of the test statistic is unlikely to come from the known distribution indicates that the null hypothesis is unlikely to hold.
T–test is used for testing hypotheses about a single parameter: testing against one–sided alternatives and testing against two–sided alternatives. F–test has different goals and results and is used for testing multiple linear restrictions: testing exclusion restrictions and the F–statistic for overall significance of a regression.
Sometimes the stated problem requires the answers on the question not only about one variable influence but about a linked subset of variables. Compare: effect of smoking on health (one variable effect) and sex–age effect on the expected wage (two variables effect). 
T–test is conducted towards the single parameter hypothesis. It is important that we don’t know the exact parameters β1, β2, …, βk, but we could state some hypothesis about one of them and verify it using statistical methods. Assume that we have the model
                  (2.1)
satisfying assumptions 1 to 7.
We start from the null hypothesis:

It means that if we don’t reject H0 taking into account all the x1, x2, …, xj–1, xj+1, …, xk then xj has no effect on the expected value of y.
Example (wage equation): let’s assume that we have the model where dependent variable is logarithm of wage and the factors are the level of education, work experience and tenure:

The null hypothesis H0: β2 = 0 means that, while the factors education and tenure have been accounted for, the working experience of the person (variable exper) has no effect on wage. If this hypothesis is true, it means that a person’s work history
prior to the current employment does not affect wage. If β2 > 0, then prior work experience positively affects the wage.
What statistic do we use to test for hypothesis H0? This statistic is called t statistic or t ratio and is defined as:
                                                 (2.2)
It is the ratio of a standard normal variable and the square root of an independent Chi–squared variable and therefore follows Student’s t distribution with N − K degrees of freedom. The t distribution is close to the standard normal distribution except that it has flatter tails, particularly when the number of degrees of freedom N − K is small. The larger N − K the closer the t distribution resembles the standard normal, and for sufficiently large N − K, the two distributions are identical. 
Under the assumptions 1 to 6 the sampling distribution of the test statistic t:

where “n” is number of observations, “k” is number of variables included.
The other important aspect in hypotheses testing is to choose a significance level a. It is the probability of rejecting the null hypothesis when the null hypothesis is actually true (usually a = 0.01, 0.05, or 0.10).
There are two types of errors:
· Type I error: when you reject H0 when it’s actually true
· Type II error: failing to reject H0 if it’s false
Then the probability of committing a Type I error is defined as the significance level of a test and denoted as .
Classical example considers the null hypothesis when the person is guilty. Then Type I error will be when this person was declared not guilty when he actually was and type II error is when the person was convicted for crime being not guilty.
The probability of a type I error is directly controlled by the researcher through his choice of the significance level α. When a test is performed at the 5% level, the probability of rejecting the null hypothesis while it is true is 5%. This probability (significance level) is often referred to as the size of the test. The probability of a type II error depends upon the true parameter values. Intuitively, if the truth deviates much from the stated null hypothesis, the probability of such an error will be relatively small, while it will be quite large if the null hypothesis is close to the truth. The reverse probability, that is, the probability of rejecting the null hypothesis when it is false, is known as the power of the test. It indicates how ‘powerful’ a test is in finding deviations from the null hypothesis (depending upon the true parameter value). In general, reducing the size of a test will decrease its power, so that there is a trade–off between type I and type II errors.
There are two types of t–test:
1. Two–sided t–test.


Let’s assume that significance level . should be "large enough" to reject H0 in favor of Ha. “Large enough” in condition of 5% significance level is the 95th percentile in a t distribution with n – k – 1 degrees of freedom, denote this by tcr. Rejection rule: H0 is rejected in favor of Ha at the 5% significance level if .
t–critical value is determined by using special table of the Student distribution. Rejection region is marked at the illustration
[image: ]
Fig. 2.1 Graphical illustration of two–sided t–test with 5% significance level
2. One–sided t–test.


Let’s assume that significance level . should be "large enough" to reject H0 in favor of Ha. Rejection rule: H0 is rejected in favor of Ha at the 5% significance level if  (for ) and  (. Rejection region is marked at the illustration
[image: ]
Fig. 2.2 Graphical illustration of one–sided t–test ( with 5% significance level
In practice, to test the hypotheses you usually look at p–value which is the smallest significance level at which the null hypothesis is rejected.
§2.2 F–test
F–test is used to test whether a group of variables has or has no effect on the dependent variable. Let’s consider the following example:



The test we examine here is constructed to detect any violation of H0. It also holds when the alternative is something like Ha: , or , or , but it will not be the best possible test under such alternatives. We do not have the space or statistical background necessary to cover tests that have more power under multiple one–sided alternatives. Null hypothesis has three exclusion restrictions: if we don’t reject it then gender, marital status and number of children have no effect on wage while education and experience have been accounted for and therefore should be excluded from the model. The test of such hypothesis is called joint hypothesis test. The model with these 3 variables is called unrestricted model and without these three variables is called restricted one. The restricted model is presented as following:

The test statistic for this case is called F statistic and is defined as:
                                  (2.3)
 is the sum of squared residuals from the restricted model
 is the sum of squared residuals from the unrestricted model
q is the number of restrictions
n–k–1 denotes degrees of freedom in the unrestricted model
So, at first, we obtain the degrees of freedom in the unrestricted model, then, we decide how many variables are excluded in the restricted model; this is q. The SSRs are reported with every OLS regression, and so forming the F statistic is simple. To use the F statistic, we have to know its sampling distribution under the null hypothesis in order to choose critical values and rejection rules. It can be shown that, under H0 (and assuming that stated assumptions hold), F is distributed as an F random variable with (q, n – k – 1) degrees of freedom. We could present this as:

Rejection rule is: 
Knowing the sum of squared residuals tells us nothing about the truth of the hypothesis H0. But the fact that will tell us something is how much the SSR increases when we exclude the considered variables from the model. Remember that, because the OLS estimates are chosen to minimize the sum of squared residuals, the SSR always increases when variables are dropped from the model; this is an algebraic fact. The question is whether this increase is large enough, relative to the SSR in the model with all of the variables, to justify rejecting the null hypothesis.
A test of multiple restrictions is called a multiple hypotheses test or a joint hypotheses test. If H0 is rejected, then it means that variables in the null are jointly significant.
The other case of F test is testing for overall regression significance. This test could be presented in the following way:
 (unrestricted model)


 (restricted model)
The appropriate test statistic in this case is:
                                         (2.4)
Rejection rule is: 
A final probability that plays role in statistical tests is usually referred to as the p–value. This p or probability value denotes the minimum size for which the null hypothesis would still be rejected. It is defined as the probability, under the null, to find a test statistic that (in absolute value) exceeds the value of the statistic that is computed from the sample. If the p–value is smaller than the significance level α, the null hypothesis is rejected. Many modern software packages supply such p–values and in this way allow researchers to draw their conclusions without consulting or computing the appropriate critical values. It also shows the sensitivity of the decision to reject the null hypothesis, with respect to the choice of significance level. For example, a p–value of 0.08 indicates that the null hypothesis is rejected at the 10% significance level, but not at the 5% level.
In conclusion we can say that hypothesis testing is used to answer particular questions about the effects of explanatory variables on dependent variable, also t–test is used for testing the hypotheses regarding a particular coefficient F test is used for testing whether a group of variables has or has no effect on the dependent variable.









CHAPTER 3. VIOLATION OF BASIC ASSUMPTIONS
§3.1 Heteroskedasticity
If some of the stated assumptions (1 to 6) are violated, it results in different problems that lead to biased or inconsistent estimates which means that the results of the estimation are not correct. The main problems followed by such violations are: heteroskedasticity, multicollinearity, autocorrelation and endogeneity. Researchers always make a lot of efforts to solve these problems to get reasonable and correct estimation results. Let’s consider all these violations more deeply.
The fifth Gauss–Markov assumption is homoscedasticity which states that the error term ε has the constant variance given any value of the explanatory variable. It means that the variance of the disturbance term is constant in time for all observations: 
                          (3.1)
A violation of this assumption yields in the problem of heteroskedasticity when this variance is changing all the time: 
                          (3.2)
It is the case when the probability that εi in the sample takes certain positive (negative) values is different for different observations.
Graphical illustration of heteroskedasticity: 
[image: C:\Users\Kristina.Chukavina\Desktop\8.png]
Fig. 3.1 Graphical illustration of heteroskedasticity
Graphical illustration of homoskedasticity: 
[image: C:\Users\Kristina.Chukavina\Desktop\9.png]
Fig. 3.2 Graphical illustration of homoskedasticity
There are the following reasons of heteroskedasticity:
1. Variables have different magnitudes for different observations.
Example: one estimates the effect of increase in income on education expenditures of the population. 1% change in income for Moscow (large city) is totally different from the same 1% change in income for the smallest countryside in monetary terms. 
2. In the time series case x and y increase over time. This will affect the variance of the error term.
3. Wrong specification of a model. 
Example: we consider linear model, but in fact it is logarithmic one.
Heteroskedasticity is the case when the variance of error term is not constant across observations. It makes the standard errors wrong. 
There are three main examples of the heteroskedasticity error:
1)  increases contemporarily with the increase of the variable X, (presented at the picture 6.1 part a);
2)  has the highest values when X is medium and decreases closer to extreme values of variable (presented at the picture 6.1 part b);
3)  has the highest values when the values of X are the lowest, quickly decreases and became uniform with X increasing (presented at the picture 6.1 part c).
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Fig. 3.3 Examples of heteroskedasticity error
True heteroskedasticity arises because of the variability of a random term and because of the dependence of different factors. False heteroskedasticity is evident in the presence of specification errors (e.g., if the true model is logarithmic, and we estimate linear model).
These are the effects of heteroscedasticity:
1) Evaluation remains unbiased but ceases to be effective.
2) We cannot apply the t–test and F–test.
If we have regression , the heteroskedasticity problem follows  , so homoskedasticity is or .
 	Heteroskedasticity can be detected with the use of private and common test. Private test is Golfild–Quanta test, based on normal distribution random errors in regression models. In condition of this test we formulate , Ha: heteroskedasticity in the model. First, the data are ordered in descending order of the independent variable Z. Then there is regular OLS estimation of initial regression model for two different samples, the first and last m observations in this ordering, where m. For derived two estimates of the regression model there is the F–statistics calculated:
                                            (3.3)
where m is the number of observations, k is the number of variables, ESS is the sum of the squares of deviations. This statistics in the absence of heteroskedasticity and normality of the error distribution has a Fisher distribution F(m–k, m–k). 
If , reject H0, and this means that we have heteroskedasticity in the model. If , heteroskedasticity of this type is recognized insignificant. 
The other way to test for heteroskedasticity is Breusch–Pagan test. Suppose we have regression of special form of :
                              (3.4)

: homoskedasticity, i.e. 
Ha: at least one of the 𝛿i ≠ 0
Start with the estimation of linear regression by OLS, and obtain , then using , we estimate equation for . Then we make attempts to obtain R2.and then we compare test statistic nR2~, where n is the number of observations and  is the Student distribution. If we find that nR2> , then reject H0.
Sometimes both types of tests give different answers. Private tests verify only special case of heteroskedasticity, but they are more powerful. Common tests have extensive range of verifying but they are less powerful. If private test detects the problem, but common doesn’t, there is heteroskedasticity in the model. If common test detects heteroskedasticity, but private does not, we cannot say something for sure. In this case we should use the White test. For this purpose we generate auxiliary regression: 
                                  (3.5)
The homoskedasticity assumption, var(ε| x1,x2,..., xk) = σ2, can be replaced by the assumption that ε2 is uncorrelated with all the independent variables (), the squares of independent variables (), all the cross products (, j≠ h). Formal procedure of the White test is as following: 
                                 (3.6)
Estimate regression equation by OLS. Obtain  and  . Compute  and .
Run the regression
                                   (3.7)
Obtain the R2 and then compare test statistic nR2 ~, thus if nR2> we reject H0. 
After finding out the heteroskedasticity in data, we can correct it changing the scale of variables. If this method does not work, we can apply robust evaluations. The use of such robust standard errors has become a standard practice in many areas of applications. As the resulting test statistics is (asymptotically) appropriate, whether or not the errors have a constant variance, is referred to as “heteroskedasticity–robust inference”. If you have some idea about the form of heteroskedasticity, feasible generalized least squares may provide a more efficient estimator. The following two subsections provide examples of this.
Table 3.1 Estimation results Poisson model, MLE and QMLE
[image: ]
Sourse: Wooldridge J.M. Introductory Econometrics: a modern approach / J.M. Wooldridge. – Michigan State University. – 2013. – p 69
The likelihood ratio and Wald test statistics reported in Table 6.1 provide tests for the hypothesis that all coefficients in the model except the intercept term are equal to zero. The Wald test is based on the robust covariance matrix and therefore is more appropriate than the likelihood ratio test, which assumes that the Poisson distribution is correct. The Wald test strongly rejects the hypothesis that the conditional mean is constant and doesn’t depend on the explanatory variables. The pseudo R2 reported in the table is the likelihood ratio index, as it is computed by many software packages. As in all nonlinear models, there is no universal definition of a goodness–of–fit measure in models for count data.
Consequences of heteroskedasticity:
1. Coefficients estimated by OLS method are unbiased.
2. There are incorrect standard errors of estimates. Consequently, we cannot use it while doing t and F tests and constructing confidence intervals.
How to detect the problem of heteroskedasticity? There are some tests for detecting heteroskedasticity. The most common are Breusch–Pagan test and White test. Also we can use Spearman test, Goldfeld–Quandt test and Glaser test. In more details testing for heteroskedasticity is described in Chapter 6.
If we found out heteroskedasticity problem in the model it is obligatory to make a correction. For this purpose we can use robust standard errors or use scale variables (for example, use per capita variables).
§3.2 Autocorrelation
The sixth Gauss–Markov assumption is no autocorrelation: 
                                   (3.8)
The violation of this assumption results in autocorrelation problem: 
                                   (3.9)
It is the usual case for time series data estimation.
Reasons for autocorrelation:
1. Omitting relevant variables. As a result they could correlate with the error term (lags of included variables, trend, seasonal effects).
2. More likely when frequency of data is higher.
3. Wrong specification of a model. 
Consequences of autocorrelation:
1. Estimates by OLS method are biased and inefficient: estimates βi have variance which is not the lowest. Consequently, this estimates are not the most accurate. 
2. Incorrect standard errors of estimates. Consequently, we cannot use it while doing t and F tests and constructing confidence intervals.
There are some tests for detecting autocorrelation:
a) t test with AR(1).
Assume we have the model:

                                 (3.10)
First of all, we need to run OLS of yt on regressors xt1,…,xtk. Then we should obtain residuals . After that we run OLS of  on . And the last stage is to accomplish the following t test:


In case of rejecting  we should conclude that there is a serial correlation in the model.
b) Durbin–Watson test is a test statistic which detects a presence of autocorrelation in the residuals.
Assume we have the model:
                  (3.11)
First of all, we need to run OLS of yt on xt1,…,xtk, then we obtain residuals . The second step is computation of Durbin–Watson statistic (DW):
                                 (3.12)

After that we need to formulate  and :
 (no autocorrelation)

DW is compared to two sets of critical values:  and .
A rejection rule for this case is the following:
· If DW < , then  is rejected.
· If DW > , then there is no evidence to reject . 
· If  < DW < , then test is inconclusive.
c) Breusch–Godfrey test is the test for detecting a higher order serial correlation. Breusch–Godfrey test is more general than the Durbin–Watson test, which allows to test only first–order autoregressive model.
Assume we have the model:
         (3.13)

The first step of Breusch–Godfrey test is running OLS of yt on xt1,…,xtk, then obtain residuals .
The second step is running OLS of  on xt1,…,xtk, .
The next stage is using F test:


After that we need to compute LM statistics:
                                   (3.14)
Rejection rule is the following: if LM > , then  is rejected, which means that there is serial correlation in the model.
Correction of autocorrelation:
If we found out autocorrelation in the model it is obligatory to make a correction. For this purpose we can use the next ways:
1. Include omitted variables (lag, trend, control for seasonality).
2. Use more appropriate methods for data with high frequency.
3. Change model specification.
§3.3 Multicollinearity
One more violation of Gauss–Markov assumptions is multicollinearity. It is the situation when there is high correlation between independent variables. Often it is a problem of a sample, not of a general set. When there is multicollinearity in the model, we can evaluate only common influence of variables on y. We cannot evaluate effect of each variable individually.
There are no tests for detecting multicollinearity. Multicollinearity occurs because of high correlation between explanatory variables. So, the researcher could do attempts to find this violation of Gauss–Markov assumptions using some intuitive methods:
1. There are large changes in estimated regression coefficients after adding or deleting a predictor variable.
2. There are insignificant regression coefficients for the explanatory variables in the regression, while a rejection of the joint hypothesis showed that those coefficients are all zero (using F–test).
3. If there is insignificant coefficient of a particular explanatory variable, but a simple linear regression of the explained variable on this explanatory variable shows its coefficient to be significantly different from zero, this situation indicates multicollinearity in the multivariate regression.
4. Construct a matrix of pairwise correlation coefficients. In case of 
 > 0,
it can be interpreted as multicollinearity problem.
Consequences of multicollinearity:
1. Estimated coefficients change significantly when model specification or data are changed just slightly. Changes in data lead to changes in signs.
2. In case of perfect collinearity, there is inability to estimate coefficients for some variables.
Note: a) perfect collinearity: there are exact relationships between 	explanatory variables
	b) no perfect collinearity:
· in the sample none of the independent variables is constant,
· there are no exact linear relationships among the independent variables (e.g., one variable cannot be a constant multiplied by another one)
3. Estimates are unbiased, less efficient, consistent.
If we find multicollinearity in the model we can use the following ways of correction:
1. Include the other variables in the model that are not correlated with each other so high.
2. Don’t change the model (because estimates are unbiased and consistent).
3. Include more observations in the model.
4. Exclude one of the variables and keep only the most significant ones. 
5. Change model specification.
Sampling procedure
	Sometimes there is a problem that number of observations is too large and the researcher doesn’t know exactly which variables influence independent variable. The best solution for this problem is sampling procedure.
Assume that we have p explanatory variables:

Theoretically, we can construct the following model:
                        (3.15)
But let’s assume that the number p is too large and we want to know which variables have to be included in the model.
Algorithm of the sampling procedure is as following:
1. Run p pairwise regressions y on  and after that choose a variable for which determination coefficient is the highest. At this step we find the most informative explanatory variable.
2. Run  regressions, every time including two of p variables, and finally choose such a model which shows the highest value of determination coefficient. So now this model has two the most informative variables. Note: the variable chosen at the first step may be excluded from these variables.
3. Find three the most informative variables running  regressions.
4. Repeat this algorithm until all the variables are included in the model.
5. After all the previous steps we need to choose the model for which the value  is the highest:
,              (3.16)
where k is the number of included variables, N is the number of observations,  is the determination coefficient received at the step k.
6. The model which has the highest determination coefficient is the most informative and a researcher should choose it for further analysis.
Note: this method is very effective, but it is too difficult to choose so enormous quantity of the models. In other words, for example, if we have 20 explanatory variables we should run 220=1 048 575 regressions. That’s why in reality the simpler method is applied.
Algorithm of a simpler sampling procedure:
1. Run p pairwise regressions y on  and after that choose a variable for which determination coefficient is the highest. At this step we find the most informative explanatory variable.
2. Run (p–1) regressions, every time including the variable which was chosen at the first step, and some variable among the rest of (p–1) variables and finally choose that model which shows the highest value of determination coefficient. So, the couple of variables chosen at the first and the second steps is the most informative.
3. Run (p–2) regressions, every time including the variables which were chosen at the first and second steps of this algorithm and one of the rest (p–2) variables. Consequently, we’ve chosen 3 the most informative variables included in the model, with the highest value of determination coefficient.
4. Repeat this algorithm until all the variables are included in the model.
5. After all the previous steps we need to choose the model for which the value  is the highest:

where k is the number of included variables, N is the number of observations,  is the determination coefficient received at the step k.
6. The model with the highest determination coefficient is the most informative and a researcher should use it in further analysis.
There are two points of view on the sampling procedure.
Someone could think that in fact reasonable and correct regression is such regression which includes all explanatory variables. Only in this case using OLS we can get unbiased and effective evaluations of regression coefficients. 
Another point of view is the following: the sampling procedure is the process of choosing of a true model from enormous quantity of probable models which may be constructed with the use of all explanatory variables. Evaluations of regression coefficients are unbiased only after doing the sampling procedure. This point of view is prevailing.
In case if explanatory variables are random (stochastic) variables, there is not the question about truth of the model. Here we should find the model which holds prediction error on the rational level under constrained number of variables. 

CHAPTER 4. ENDOGENEITY
§4.1 Problem and potential reasons
In some cases it is unrealistic or even impossible to treat the explanatory variables in a model as given or exogenous. In such cases, it can be argued that some of the explanatory variables are correlated with the equations error term, in such a way that the OLS estimator is biased and inconsistent. There are different reasons why one may argue that error terms are contemporaneously correlated with one or more of the explanatory variables, but the common aspect is that the linear model no longer corresponds to a conditional expectation or a best linear approximation. Thus, if the condition  (error terms and explanatory variables are contemporaneously uncorrelated) is not followed for any reason, we no longer claim that OLS estimator is unbiased or consistent and we need to find new technique for estimation. So if we have linear regression (1):
    (4.1)
 and assumption E( | x1, x2, ...xk ) = 0 fails for at least one j we can conclude that in this case xj is endogenous explanatory variable. Reasons can be different, but we will consider only some of them, namely misspecification, omitted variable, measurement (in dependent or in explanatory variable) errors and simultaneity.
§4.2 Omitted variables
Suppose that instead of very usual problem of including an irrelevant variable in the model, we omit a variable that actually belongs there. This is often called the problem of excluding a relevant variable or underspecifying the model.
For example, let’s take the simple regression of wage: 
wage = B0 + B1educ + B2ability + 
In this model wage depends on the worker level of education and his abilities (this could be physical power or intellect, productivity and other parameters). In the above wage equation, ɛ includes all unobservable factors that affect a person’s wage, including such factors as “hours of work” or “experience”. Thus variable “ability” is endogenous because we omit variable “experience” which affects both wage and ability, i.e. corr (ability, )≠0. 
It is very important because estimations will be biased and inconsistent. 

                                     (4.2)



                        (4.3)
But if the model satisfies GM assumptions 1–4, then unbiasedness property should hold: . Thus, omitting relevant variable leads to biased OLS estimators. If the error ɛ is correlated with educ, i.e., then there is inconsistency in  (asymptotic bias):
                (4.4)
Getting the bias caused by omitting an important variable is an example of misspecification analysis. Formally we could represent the case where the true population model has two explanatory variables and an error term:

We know, that:
                                           (4.5)
The next step is the most important one. Since our regression is the true model, we write y for each observation i as: y = 0 + 1xi1 + 2xi2 + ui, now we plug this equation into formula for estimation and rewrite it (for convenience do not write denominator  in the resulting expression):
              (4.6)

If we divide this equation by and take the expectation conditional on the values of the independent variables, and use the assumption E(ui)= 0, we obtain:
                                   (4.7)
Thus,  is indeed biased The ratio multiplied by  is just the slope coefficient from the regression of x2 on x1, with the use of our sample in the independent variables, which we can write as:
                                          (4.8)
Because we are conditioning on the sample values of both independent variables, it is not random here:
, thus .
The last equations is known as omitted variable bias. If we need unbiased estimation  we should equate, so x2 does not take part in the true model. Or we need to equate . Since is the sample covariance between x1 and x2 over the sample variance of x1,  if and only if x1 and x2 are uncorrelated in the sample. Thus, we have the important conclusion that if x1 and x2 are uncorrelated in the sample, then  is unbiased.
Table4.1. Factors influence on bias in case of omitted variable 
	
	Corr(x1,x2)>0
	Corr(x1,x2)<0

	>0
	Positive bias
	Negative bias

	<0
	Negative bias
	Positive bias


Compiled by the authors
Table 4.1 summarizes the direction of the bias, but the size of the bias is also very important for estimation results. For example, if the return to education in the population is 8.6 percent and the bias in the OLS estimator is 0.1 percent, then we would not be very concerned. On the other hand, a bias of the order of three percentage points would be much more serious. The size of the bias is determined by the sizes of and .
Thus, omitting relevant variable leads to inconsistent OLS estimators. Summing up, if we did not include the variable, but this variable is relevant or this variable is correlated with the other explanatory variable(s) then we have omitted variable which leads to endogeneity problem.
§4.3 Functional form misspecification
The next potential reason of endogeneity is misspecification. It is the special case of omitted variable problem when omitted variable is the function of an explanatory variable(s) in the model. In other words, we encounter with this problem if regression model has incorrect functional form and variables are related to each other in a wrong way. In general, it should be noted that even a properly specified at this stage econometric model must be constantly improved based on the changing conditions of functioning of economic systems. Improving the model to better match the experimental data may lead to changes in the functional form of relations between variables and the set of factors–arguments.
Misspecifying the functional form of a model can certainly have serious consequences. Nevertheless, in one important respect, the problem is minor: by definition, we have data on all the necessary variables for obtaining a functional relationship that fits the data well. This can be contrasted with the problem addressed in the next sections, where a key variable is omitted (on which we cannot collect data). We already have a very powerful tool for detecting misspecified functional form: the F test for joint exclusion restrictions. It often makes sense to add quadratic terms of any significant variables to a model and to perform a joint test of significance. If the additional quadratics are significant, they can be added to the model (at the cost of complicating the interpretation of the model). However, significant quadratic terms can be symptomatic of other functional form problems, such as using the level of a variable when the logarithm is more appropriate, or vice versa. It can be difficult to pinpoint the precise reason that a functional form is misspecified. Fortunately, in many cases, using logarithms of certain variables and adding quadratics is sufficient for detecting many important nonlinear relationships in economics.
For clarity: we investigate linear regression  but in real life taking into account all the factors we have to analyze regression 
Consequences of such misspecification are listed here:
1) Biased estimators of , ,
2) Bias depends on the size of B2 and the correlation among ,… 
 To errors in the specification leads the omission of the significant factors as well, i.e. the use of ordinary linear model instead of multiple one. For example, the demand for a specific product can be determined not only by the price of the product but also by the per capita income of the consumer. For the case of the pair (univariate) regression model selection the functional form is usually done referring to the position of the points of observations in the correlation field. For the estimated regression evaluation of the functional form could be performed by analyzing the coefficient of determination and mean error of approximation. For the multiple regression the situation is more ambiguous, since the graphical representation of statistical data in this case is impossible. Here a detailed analysis of the adequacy of the functional form of the model and error specifications may generally be carried out on the basis of special tests.
There is the possibility to detect if the model is misspecified due to F–test or RESET–test (regression specification error test). For the first one you need to add quadratic terms of any significant variables and to do the F–test of joint significance and then if the additional terms are significant, add them into the model. 
REST–test:
1. Estimation of the dependent variable of the following regression: , get the .
2. Add the in the regression  and evaluate the significance of .
§4.4 Measurement errors
Another illustration where the OLS estimator is likely to be inconsistent arises when an explanatory variable is subject to measurement error. Suppose that we have regression model  and  is true dependent variable (for example, annual family savings), we also have , where y is observable measure of y* and y ≠ y* (for example, reported annual family savings), so  is exactly the measurement error. Plug  into true regression:
,                           (4.9)
error term is  and ). 
If the measurement error is not correlated with the independent variables, then OLS estimation has good properties. Consequences of this type error are then biased and inconsistent estimators if E() ≠ 0, E( |  ) ≠ 0, even if E() = 0 and E( |  ) = 0, also less efficient estimators, when: 
cov (, ) = .
Measurement error also can be defined in explanatory variables: 
,                                     (4.10)
 where is true variable and x is observable measure of , measurement error 
()
assumption  and , 
                (4.11)
We can see that OLS gives biased and inconsistent estimators.
§4.5 Simultaneity
Another important form of endogeneity of explanatory variables is simultaneity. This problem arises when one or more of the explanatory variables are jointly determined with the dependent variable, typically through an equilibrium mechanism (as we will see later). In this chapter, we study methods for estimating simple simultaneous equations models (SEMs). While a complete treatment of SEMs is beyond the scope of this text, we are able to cover models that are widely used. The leading method for estimating simultaneous equations models is the method of instrumental variables. Therefore, the solution to the simultaneity problem is essentially the same as the IV solutions to the omitted variables and measurement error problems. However, crafting and interpreting SEMs is challenging.
If we consider an equation where one or more of the explanatory variables are jointly determined with the left–hand side variable, the OLS estimator will typically provide inconsistent estimators for the behavioral parameters in this equation.
Problem of simultaneity occurs when the model contains behavioral parameters, usually measuring the causal effects of changes in the explanatory variables, and one or more of these explanatory variables are jointly determined with the left–hand side variable. For example, if we write down a Keynesian consumption function[footnoteRef:1]:  [1:  Verbeek, M. A guide to modern econometrics /M. Verbeek. – 2nd ed.; –England. : John Wiley & Sons Ltd.,2004. p. 244.
 ] 

                                         (4.12)
where  denotes a country’s real per capita consumption and  is real per capita income, we want to interpret the coefficient β2 as the marginal propensity to consume (0 < β2 < 1). This means that β2 has a causal interpretation reflecting the impact of income upon consumption: how much more people consume if their income increases by one unit? However, aggregate income Yt is not exogenously given as it will be determined by the identity 
                                            (4.13)
where  is real per capita investment. This equation is a definition equation for a closed economy without government and says that total consumption plus total investment should equal total income.
Formally problem of simultaneity can be represented as: 



, so  and are exogenous.
Plug equation for  into equation: 

 then we have

The last equation expresses y2 in terms of the exogenous variables and the error terms, it is the reduced form for y2, in the context of instrumental variables estimation. The parameters p21 and p22 are called reduced form parameters; notice that they are nonlinear functions of the structural parameters. 
 If we divide the previous equation by (1– a2a1), we get 
, , ,                (4.14)
The reduced form error, , is a linear function of the structural error terms, u1 and u2. Because u1 and u2 are each uncorrelated with  and,  is also uncorrelated with and. Therefore, we can consistently estimate  and  by OLS, something that is used for two stages least squares estimation (in more details in the next section). In addition, the reduced form parameters are sometimes of direct interest, although we are focusing here on estimating equation.
When  and  and  are uncorrelated, and  are also uncorrelated. These are fairly strong requirements: if ,  is not simultaneously determined with .If we add zero correlation between  and , this rules out omitted variables or measurement error in u1 that are correlated with . We should not be surprised that OLS estimation of equation  works in this case. When  is correlated with  because of simultaneity, we say that OLS suffers from simultaneity bias.
So when  we can conclude that OLS will produce biased and inconsistent estimators. 
§4.6 Solution to endogeneity problem
Every endogeneity problem has its own solution. As was considered in the previous chapter if we deal with functional form problem we should use test for form misspecification, also we can try to add in the model log–form term or quadratic form term, most likely it will be the solution and we get representative regression. 
When we deal with omitted variable we should use proxy variable. However, if data for omitted variable exist – include it into regression. Proxy variable is such variable that is related to the unobserved variable. 
Let’s consider the example of getting high score at the exam and which factors more likely affect the probability of successful results. Assume we have the following regression: 

 where A is possible assessment,  is the number of training hours,  is the level of education,  is the logical student ability. We cannot directly measure ability power, that’s why we need to find a proxy variable. Let it be IQ coefficient. So, cov(IQ,) ≠0 and we can include it into regression model and then estimate it. 
Sometimes it is very hard to find exact matches of variables, in this case the lag–variable could perform as proxy.
In terms of assessment model it would be:
, where  means previous assessment student got in period earlier (it could be ten years ago or two years ago and we can include more than one lag variables). In this conditions we expect more than zero. In the other case we risk to get biased estimators and not efficient model. The other way to mitigate omitted variable problem is to use the first differencing or fixed effects estimation.
The next way to deal with endogenous variable problem is including instrumental variable (IV). IV is the variable which correlates with the problem variable in the model, but doesn’t correlate with the error term in any way. So, if we talk about standard regression model, we can formally represent this fact:
                                          (4.15)
Assume that Z is instrumental variable, then according to the definition: Cov(x,z) ≠ 0 and After having chosen this IV, we run weak IV test, to be sure that z can be included into the model. There is new regression for x:
                                        (4.16)
with standard two–sided hypotheses:
 = 0

If we reject , we have normal proxy variable and can include it into the model. 
Now we formally represent that proxy variable is effective instrument in dealing with endogenous problem. 
In the regression model  with matrix variant:
, we get 
            (4.17)
               (4.18)
Because if Z is efficient proxy variable.
, where is defined by formula:
                              (4.19)
Mechanism of IV work: 



 

 has to be high, otherwise estimations will be even more biased then OLS–estimations. 
There is another way to deal with endogeneity and it is the two stage least squares (2SLS) estimator. The IV and 2SLS can be used to obtain consistent estimators in case of omitted variables, also they can be used to solve errors–in–variables problem and can help to estimate simultaneous equations models.
For further analysis we introduce the following structural and reduced form equations (structural form is equation with endogenous and exogenous variables, reduced form will contain instrumental variables plus exogenous independent variables):
 structural form equation
, and  reduced form equation
When we run the last regression and receive , we will use it as instrumental variable for first regression on . Thus the estimation  used as instrumental for  in first regression y is called two stage least squares estimator.
Now we have regression , where y2 is an endogenous variable. Suppose that there are m instrumental variables. Instruments 
Write reduced form for equation of :
,
so .
This step is very important, because  is not correlated with u. Thus, we can say that by estimating y2 with all exogenous variables, we have divided it into two parts: one is correlated with u and another is not.
We can write in matrix form as . We also can introduce  in matrix form.
We use  as instruments for x and apply the IV estimation as in:
(,                         (4.20)
 in easy way it can be also rewritten as:
                                 (4.21)
We can just estimate 2SLS estimators in one step by using X and Z. But in usual case two–step procedure is used to estimate the 2SLS estimator.
Step number one (the first–stage regression) and step number two (the second stage regression) are described in the next chapter. 
§4.7 Testing for endogeneity
Every endogeneity problem has its own solution. But before solving problems we should find it. So how could we detect the presence of endogeneity?
2SLS is less efficient than OLS if explanatory variables are exogenous. Test for endogeneity to see if 2SLS is necessary at all.
                           (4.22)
z1 and z2 are exogenous, also we have z3 and z4, which are not in regression

If , then we should use OLS for 
 The most efficient way to detect endogeneity is Hausman test comparing OLS and 2SLS estimates and determining whether the differences are statistically significant. Assume that we want to analyze yi using x1i and a number of controls where . Assume  to be endogenous. We have n instruments  useful for predicting  .The 2sls model becomes 

, after the estimation we get 
corr (y2, ) = 0 iff corr (v, ) = 0 (since corr (zj , ) = 0) 
Include  into original regression and run T–test of significance (against two–sided alternative)
If H0 is rejected, we conclude that y2 is endogenous because.
OLS estimates (except for d1) for the model 
 are identical to 2SLS estimates for the model , so we may check if we have done the proper regression in testing for endogeneity. 
The next problem we could test is overidentifying restrictions. If and only if an equation is overidentified, we may test whether the excluded instruments are appropriately independent of the error process. That test should always be performed when it is possible to do so, as it allows us to evaluate the validity of the instruments. A test of overidentifying restrictions regresses the residuals from an IV or 2SLS regression on all instruments in Z. Under the null hypothesis that all instruments are uncorrelated with u, the test has a large–sample χ 2 (r) distribution where r is the number of overidentifying restrictions.
First we should say about IV, this estimation should satisfy condition cov (z, ) = 0, and if it holds, we construct the reduced form equation and run the T–test. When IV satisfies condition , we also can test regression with the use of T–test, but only when we have more than one instrumental variables. In general, number of instrumental variables has key meaning. Assume that NIV is the number of instrumental variables and NEX is the number of exogenous variables. 
There are three cases determining ability to estimate:
1) NIV <NEX. In this case we have underidentification and cannot estimate the model;
2) NIV>NEX. This means overidentification, so we can directly test overidentifying restrictions;
3) NIV=NEX. We cannot test overidentifying restrictions.
Thus in case 2 we can apply testing of overidentifying restrictions. 
Estimation algorithm is presented below.
Firstly, we formulate standard hypotheses:
 : all IVs are uncorrelated with 
: at least some of IVs are not exogenous
Then we estimate the structural equation by 2SLS and obtain the residuals , after that regress on all exogenous variables and obtain R2.
Then we use known test statistic nR2 and compare it with rejection rule: , where q is the number of overidentifying restrictions and if
   reject H0. 
If the model contains some mistakes related to the functional form, the researcher should cope with it using the best three methods: F–test, RESET–test (regression specification error test) and test against nonnested alternatives. 
F–test can show you explanatory power of original model and explanatory power of the model with functional changes. Thanks to knowledge about explanatory power, it became comprehensible whether you really need functional form modifications or not. The algorithm of F–test was described before. But briefly if F–test shows that explanatory power of the model with functional changes (for example, with quadratic terms) is higher than explanatory power of original model, we have the functional form error and must transform the model changing it somehow.
For the RESET test we generate new regression and then estimate it with the use of F–test. So if we have regression , but do not know exactly the best form of specification and only suspect that something is wrong, we create new regression like this: + ++ u, then if model is correctly specified  and  there is functional problem in model, next we check F–test. RESET test also can be effective in case of two and more models, then we should do RESET for each model and choose the one with larger RESET statistic (or with smaller information criterion).
The third method is test against non–nested alternatives. Non–nested hypothesis tests provide a way to test the specification of an econometric model against the evidence provided by one or more non–nested alternatives. Let’s show formally how it works. Suppose we have regression function 

and regression which can increase explanatory power:

To test which model is better we construct new model and then test it with the following hypotheses: 

 ,  as the test of model with logarithm
,  as the test of original model
This approach was suggested by Mizon and Richard. The other way is to use Davidson–MacKinnon test: 
At the first step we will estimate (with the use of OLS) regression function with logarithm and receive . Step number two is including  in original model and run the T–test against a two–sided alternative. If we get significant t statistic, we reject original model and say that it has a functional form deviation.
Tests against non–nested alternatives has some limitations:
1) Rejecting both models. If we have such results we should exactly change the structure of the model.
2) Both models are incorporated. In this case we compare models by finding the largest adjusted R2.
3) We should remember that rejecting one model does not mean that another model is correct.
4) It is difficult to run tests if models have different dependent variables.
Thus the problem of functional misspecification is not always easily solved. To construct the right form of the model we should know the full information of the investigated objects and all functional relationships as well. 
In general, there is nothing wrong with including variables in your model that are correlated. In an individual wage equation, for example, we may want to include both age and experience, although it can be expected that older persons, on average, have more experience. However, if the correlation between two variables is too high, this may lead to some problems. Technically, the problem is that the matrix XTX is close to being not invertible. This may lead to unreliable estimates with high standard errors and of unexpected sign or magnitude. Intuitively, the problem is also clear. If age and experience are highly correlated, it could be hard for the model to identify the individual impact of these two variables, which is exactly what we are trying to do. In such a case, a large number of observations with sufficient variation in both age and experience may help us to get sensible answers. If this is not the case and we do get poor estimates (for example: t–tests show that neither age nor experience are individually significant), we can only conclude that there is insufficient information in the sample to identify the effects we would like to identify. In general, the term multicollinearity is used to describe the problem when an approximate linear relationship among the explanatory variables leads to unreliable regression estimates. This approximate relationship is not restricted to two variables but can involve more or even all regressors. In the wage equation, for example, the problems may be aggravated if we include years of schooling in addition to age and years of experience. In the extreme case, one explanatory variable is an exact linear combination of one or more other explanatory variables (including the intercept). This is usually referred to as full multicollinearity, when the OLS estimator is not uniquely defined from the first order conditions of the least squares problem (the matrix XTX is not invertible). The use of too many dummy variables (which are either zero or one) is a typical cause for full multicollinearity.
Thus, multicollinearity is often the sample problem, but not the general population problem. Collinearity means the existence of linear connection between variables, while multicollinearity means very strong linear connection between variables. So when we have regression: 

, then multicollinearity is the situation when:
,  formally exists. 
There are the most common reasons for multicollinearity: 
1) There is full collinearity when det(=0 and rank(X)<k+1 in matrix terms. 

There are linearly dependent columns in the matrix. It can be the situation when we choose only women or only men (regression for wage as example). It means that we use only one characteristic of dummy variable. , where  is the respondent age,  is the level of education,  is the dummy variable with value 1 for women and with value 0 for men.  

2) Variables in model have powerful connection. 
, for example,, are the component parts of something common and . It could be fabric composition, or  of common substances. The inclusion of these variables in the regression separately is likely to cause multicollinearity.
3) Dummy trap. It will be easy to understand with the use of following example. 
Suppose we have regression, where: 


There is dummy for dummy variable: 



Example of investigating mean demand on ice–cream:

If the data is correct, the model could never be evaluated. One of the variables must be removed. Coefficients with dummy variables show the change of variables for each of the levels in comparison with baseline.
Multicollinearity has the technical implications and consequences of the complexity of interpretation of the model results. Let’s start with the consideration of technical implications.
1) Multicollinearity distorts the results. When we make a little change in the data, values of coefficients change dramatically.
 , so     (4.23)
Thus elements of this matrix have no limitations and can be very large. It is dangerous because elements of matrix take part in formation of the variance.  increases, it turns to be impossible to evaluate coefficients, they are implausible.
2) When  increases, the standard error can be inflated:.
It is the reason of low t–statistics. In other words, this statistics indicates that the variable has a little effect on the dependent variable. At the same time, it could have a powerful impact. But such results we get only because of multicollinearity. That is, the t–test is not effective in the presence of multicollinearity.
3) Results are changeable. Small changes in the model and the data result in large changes in the interpretation.
Since the student phenomenon is formed due to the close statistical connections, you can try to locate it. Ways to locate multicollinearity:
· Construct the matrix of paired coefficients. If correlation is more than 0.8, we suspect the existence of multicollinearity;
· Construct the regression of one variable on another and pay attention on R2.
If its value is more then 0.8, we suspect the existence of multicollinearity again.
There is the variance inflation factor for testing this assumption:
;
Also there are some factors that could identify the existence of this phenomenon:
· not realistic coefficients;
· high F–statistic; 
· overall regression is significant, but lots of variables are not;
 Illustrate the effect of multicollinearity on OLS estimation in more details.
Suppose we have the following regression:

Assume that:
1) ,
2)  and , 
3) correlation coefficient which shows the connection between x1 and x2 is r12.
In these conditions we can write the OLS estimates as:
                 (4.24)
It is clear that the variances of both  and  increase if the absolute value of the correlation coefficient between  and  increases. Due to the increased variance of the OLS estimator, t–statistics will be smaller. 
Another consequence of multicollinearity is that some linear combinations of the parameters are pretty accurately estimated, while other linear combinations are highly inaccurate. Usually, when regressors are positively correlated, the sum of the regression coefficients can be rather precisely determined, while the difference cannot. In the above example we have the variance of  +  such that
                   (4.25)
and also:
 – )=                          (4.26)
So if  is close to 1, the variance of  is many times higher than the variance of . 
Summing up, high correlations between (linear combinations) of explanatory variables may result in multicollinearity problems. If this happens, one or more parameters we are interested in are estimated highly inaccurately. Essentially, this means that our sample does not provide sufficient information about these parameters. To alleviate the problem, we are therefore forced to use more information, for example by imposing some a priori restrictions on the vector of parameters. Commonly, this means that one or more variables are omitted from the model. Another solution, which is typically not practical, is to extend the sample size.
Up to now we demonstrated the basic problems of multicollinearity and can presume that there are some ways to deal with it. First of all, we need to include variables which correlate weaker. Also we can increase the sample and size of data. We should pay more attention to selection of explanatory variable. The most effective method can help us to construct new explanatory variables on the basis of basic variables. 
















CHAPTER 5. SYSTEMS OF REGRESSION EQUATIONS
§5.1 Introduction to systems of equations
Econometric models often try to explain a group of related variables, for example: factor and product demand equations, investment functions for related firms, wage equations for related groups of workers.
In this case it is necessary to use a system of regression equations. System of regression equations is the set of econometric equations (often linear), which define interdependence of economic variables. Important features of a system of regression equations are an occurrence of the same variables on the right–hand side and on the left–hand side of different equations in the system. So, some variables can be dependent in some equations and at the same time they can be independent (explanatory) variables in the others. 
Systems estimators allow joint estimation of other unrelated equations that are linked by the covariance structure of their disturbances (Seemingly Unrelated Regression) and also equations that are tied together by cross–equation coefficient restrictions (e.g. adding up and symmetry restrictions of demand theory).
§5.2 Seemingly unrelated regressions
One kind of system of regression equations is seemingly unrelated regressions (SUR). It is a system of econometric equations; each of them is independent equation with its own dependent variable and explanatory ones. The important feature of these equations is that despite of seeming disconnected, their errors are correlated with each other.
Assume we have the following system of equations:
                (5.1)
 are correlated.
There is an assumption that error in each equation satisfies Gauss–Markov assumptions about the absence of autocorrelation and heteroskedasticity. But there is a correlation of errors between equations.
Example: model which investigates the car characteristics:
       (5.2)
If explanatory variables in SUR are the same in all equations, then coefficients are the same as in equations estimated separately by OLS.
If error terms of SUR equations are correlated, then joint estimation of SUR is more efficient then separate OLS estimation, even when variables are the same.
§5.3 Simultaneous equations models
The most widely used in economic practice models are Simultaneous Equation Models (SEM). Consider the following model describing equilibrium quantity of labor (in hours) in some sector, for example, in agricultural sector:
                                  (5.3)
where  is the number of hours of labor supplied in agricultural sector, and  is the hours of labor demanded in agricultural sector. These variables depend on the w (wage rate), and  and  (these variables reflect some other factors).
So, z1 could be the wage rate of the some other sector, for example, in the manufacturing sector. If the wage in the manufacturing sector increases, people will move to manufacturing sector, reducing hours worked in agricultural sector. Z1 is called the observed demand shifter.  is called the unobserved demand shifter.
Z2 could present the agricultural land area. If the more land is available, then more workers is needed, consequently, there is more demand for labor. Similarly, z2 is called the observed supply shifter and  is called the unobserved supply shifter.
Demand and supply describe entirely different relationships. 
The labor and the wage values which we can observe in the market are determined by the equity of two equations:  and .
 The equilibrium is: 
                                                (5.4)
Assume that we have data for some set of countries. So we could observe the equilibrium of labor supply and wage rate for each country, which are:
 Demand: 
 Supply:  
where i is the country index.
These two equations are forming a simultaneous equations model (SEM). These two equations are called the structural equations. ,, ,  are called the structural parameters.
In simultaneous equations model variables  and  are endogenous variables because they are determined by the equilibrium between two equations.
In the same way,  and  are exogenous variables because they are determined outside of the model. 
 1 and  2 are called the structural errors. 
One more important note: without z1 or z2, there is no way to distinguish whether the equation is for demand or supply.
Consider the following simultaneous equation model:

In this model,  and  are endogenous variables because they are determined by the equilibrium between the two equations. and  are exogenous variables. 
Since z1 and z2 are determined outside of the model, we assume that z1 and z2 are uncorrelated with both of the structural errors. 
Thus, by definition, the exogenous variables in SEM are exogenous in «econometric sense» as well. 
In addition, the two structural errors,  and , are assumed to be uncorrelated with each other. 
Now, let’s solve the equations (7.1) and (7.2) for  and , then you get the following reduced form equations:

where:
                                               (5.5)
                                               (5.6)
                                               (5.7)
                                              (5.8)
                                              (5.9)
                                              (5.10)
These parameters are called the reduced form parameters.
We can check that v1 and v2 are uncorrelated with z1 and z2. Therefore, we can estimate these reduced form parameters by OLS (just apply OLS separately for each equation).
However, we cannot estimate the structural equations with OLS. For example, consider the first structural equation.
                                   (5.11)
Notice that: 
              (5.12)
Thus,  is correlated with  (assuming that  .) In other words,  is endogenous in «econometric sense».
Thus, endogenous variables in SEM are usually endogenous in «econometric sense» as well. 
Thus, we cannot apply OLS to the structural equations. 
Covariaton between  and  can be used to predict the direction of the bias:
                                 (5.13)
If it is positive, OLS estimate of α1 will be biased upward. If it is negative, it will be biased downward. The formula above does not carry over to more general models. But we can use this as a guide to check the direction of the bias.
Leading method for SEM estimation is IV estimation.
Assume that we have the following model describing the supply and demand:
                                     (5.14)
where equation (7.3) is for supply, equation (7.4) is for demand.
Note that supply curve has an observed supply shifter z1, but demand has no observed supply shifter.
Given the data on q, p and z1, we have to decide which equation should be estimated. That is, we should decide which equation is identified.
[image: C:\Users\Kristina.Chukavina\Desktop\kjgf.png]
Fig. 5.1. Graphical illustration of the model
Notice: data points trace the demand curve. Thus, it is the demand equation that can be estimated.
Because there is observed supply shifter z1 which is not contained in demand equation, we can identify the demand equation.
There is the presence of an exogenous variable in the supply equation that allows us to estimate the demand equation.
In SEM, identification is used to decide which equation should be estimated.
Now turn to a more general case. Assume we have the following simultaneous equation model:
             (5.15)
Where  and  may contain the same variables, but may contain different variables as well. When one equation contains exogenous variables not contained in the other equation, this means that we have imposed exclusion restrictions.
The rule for identification: the first equation is identified if and only if the second equation contains at least one exogenous variable (non–zero coefficient) that is excluded from the first equation. This condition has two components. First, at least one exogenous variable should be excluded from the first equation (order condition). Second, the excluded variable should have non–zero coefficients in the second equation (rank condition). The identification condition for the second equation is just a mirror image of the statement.
Example: labor supply of married working women.
Labor supply equation:
+              (5.16)
Wage offer equation:
    (5.17)
In the model,  and  are endogenous variables. All the other variables are exogenous. (Thus, we are ignoring the endogeneity of educ arising from omitted variables).
Suppose that we are interested in estimating the first equation. Since exp and exp2 are excluded from the first equation, the order condition is satisfied for the first equation. The rank condition is that, at least one of exp and exp2 has a non–zero coefficient in the second equation. Assuming that the rank condition is satisfied, the first equation is identified. In a similar way, we can see that the second equation is also identified.
Once we have determined that an equation is identified, we can estimate it using the two stage least square procedure. 
Consider the labor supply equation example again. We are interested in estimating the first equation. Suppose that the first equation is identified (both order and rank conditions are satisfied). 
 is correlated with 1. Thus, OLS cannot be used.
However, exp and exp2 can be used as instruments for  in the first equation because exp and exp2 are uncorrelated with 1 by assumption of the model (instrument exogeneity is satisfied). Also  and are correlated with  by the rank condition (instrument relevance is satisfied). In general, we can use the excluded exogenous variables as the instruments. 
§5.4 Application of SEM to different types of data
Application of SEM to panel data:
Consider the following SEM:
                       (5.18)
The notation  is a short hand notation for: 

The notation  is a short hand notation for:

Due to the fixed effect terms  and , z–variables are correlated with the composite error terms. Therefore, the excluded exogenous variables cannot be used as instruments. To apply 2SLS, we should use the first–difference method, or demean the equations.
First–differenced version:
                           (5.19)
Time demeaned (fixed effect) version:


Then ,  or ,  are not correlated with the error term. Thus we can apply the 2SLS method. 
Estimation procedure is the same. First, determine which equation is identified. Then, use the excluded exogenous variable as the instruments in the 2SLS method.
Applications of SEM to time series:
One of the most common applications of 2SLS in applied research is the estimation of structural time series models.
Consider we have a macro model of aggregate demand:
                         (5.20)
In this system, aggregate consumption each quarter is determined jointly with disposable income. Under the assumption that taxes are exogenous (and in fact, they are responsive to income), the consumption function cannot be consistently estimated via OLS. If the interest rate is taken as exogenous (set, for instance, by monetary policy makers) then the investment equation may be consistently estimated with the use of OLS. The third equation is an identity; it need not be estimated, and holds without error, but its presence makes explicit the simultaneous nature of the model. If r is exogenous, then we need one instrument to estimate the consumption function; government spending will suffice, and consumption will be exactly identified. If r is to be taken as endogenous, we would have to add at least one equation to the model to express how monetary policy reacts to economic conditions. We might also make the investment function more realistic by including dynamics that investment depends on lagged income, for instance,  (firms make investment spending plans based on the demand for their product). This would allow , a predetermined variable, to be used as an additional instrument in estimation of the consumption function. We may also use lags of exogenous variables, for instance, lagged taxes or government spending, as instruments in this context. Although this only scratches the surface of a broad set of issues relating to the estimation of structural models with time series data, it should be clear that those models will generally require instrumental variables techniques such as 2SLS for the consistent estimation of their component relationships.











CHAPTER 6. TIME SERIES
§6.1 Introduction to time series
One objective of analyzing economic data is to predict or forecast the future values of economic variables. One approach to do this is to build a more or less structural econometric model, describing the relationship between the variable of interest with other economic quantities, to estimate this model using a sample of data, and to use it as the basis for forecasting and inference. Although this approach has the advantage of giving economic content to one’s predictions, it is not always very useful. For example, it may be possible to adequately model the contemporaneous relationship between unemployment and the inflation rate, but as long as we cannot predict future inflation rates we are also unable to forecast future unemployment. 
Let’s start with our basic model:
                           (6.1)
On the whole, our sample sizes tend to be smaller in time series models than some of the other models that we have looked at. It is important to remember that we still need to worry about all the things that we usually worry about. However, we now need to think of whether our disturbances are serially correlated. We say that our errors are serially correlated if ; . In practice, we consider only certain ways in which our disturbances are correlated. Specifically, we consider spatial autocorrelation, the correlation across cross–sectional units, and serial correlation across time. We will only consider time series issues here.
Thus time series is a sequence of data ordered in time. When we talk about variables, which can be differently thought in time, we should mention such economic points as gross domestic product, inflation, firms profit and other important economic terms. 
Time series data follows some rules and features. A key feature of time series data that makes it more complicated for analysis is the fact that economic observations can rarely, if ever, be assumed to be independent across time. Most economic and other time series are related, often strongly related, to their recent histories. Another feature of time series data that can require special attention is the data frequency at which the data are collected. Time between yt and yt+1 has certain frequency. It can be different: yearly, quarterly, monthly, daily. The next point is the time span: period of time over which the data were collected. If there are no gaps in the data, we can find the time span as the number of observations multiplied by frequency. 
In general case time series include three elements: deterministic trend, seasonal pattern, irregular pattern. Trend is the main feature of the time series. Trends can be described by different equations: linear, logarithmic, power, etc. The actual type of trend is established on the basis of its functional selection model by statistical methods or smoothing of the original time series. Thus we can write trend as   , where if  we have linear trend function, if , we have quadratic trend. 
Seasonal pattern is the case when some variables strongly depend on specific time period (seasons). For example, it could be the number of agricultural sector workers (because if there is no harvest, the number of workers is reduced) or the monthly number of visitors coming to seaside, or the number of consumers of seasonal product such as ice–cream. 
Finally, irregular pattern is a part of time series which can be described by ARMA (autoregressive moving average or combination of autoregressive and moving average models) model. 
A simple way to model the dependence between consecutive observations states that depends linearly on its previous value . That is,

where  denotes a serially uncorrelated innovation with a mean of zero and a constant variance. The process is referred to as a first order autoregressive process or  process. It says that the current value  equals a constant  plus  times its previous value plus an unpredictable component . We have seen processes like this before when discussing (first order) autocorrelation in the linear regression model. For the moment, we shall assume that .The process for  is an important building block of time series models and is referred to as a white noise process. In this chapter,  will always denote such a process that is homoskedastic and exhibits no autocorrelation. Now it is important to cover mean, variance and covariance of time series. 
The expected value of  can be solved from 
                                    (6.2)
We can see that  does not depend on t, so
                                            (6.3)
Assume , then our time series model can be rewritten as:
 
, if 
Furthermore, we can determine 
                                                               (6.4)
Generally for all k we can write 
As long as  is nonzero, any two observations on  have a nonzero correlation, while this dependence is smaller (and potentially arbitrary close to zero) if the observations are further apart. Note that the covariance between  and  depends on k only, not on t. This reflects the stationarity of the process.
To sum up listed specific features of time series data: 
1) Frequency: time between yt and yt+1: yearly, quarterly, monthly, daily, ...
2) Time span: period of time over which the data were collected. 
3)  Mean 
4)  Variance: 
5) Covariance: 
Time series can be stationary or not. If there are shocks, which happened in time t and have a diminishing effects over time and then disappear in time t+s, where s tends to →∞, this time series can be named stationary. Also there are some formal conditions of covariance stationary time series:
1) Mean is constant for all t and s over time 
2) Variance is constant for all t and s over time 
3) Covariance in time series does not depend on time t, but the time lag ( the distance between two elements of time series) has influence on it.
                     (6.5)
When we test for serial correlation, we typically assume something about the error process. The usual assumption is either the errors follow a first–order autoregressive process (AR1) or a first order moving average process (MA1).
AR(1) process: 
the current error is part of the previous error plus some shock. It is a first order process because only depends on its immediate lagged value. It is relatively easy to see that this is a model of exponential decay. For example,
                                             (6.6)



It is easy to see that the current error is just the error of all the previous stocks weighted by some coefficient (p) that is exponentially declining. How fast the effect of these previous errors dies out depends on the value of p.
When p < 1, then we have what is called stationary time series. In this setup, the time series looks jagged, it has structure, and it never wanders too far from the mean. The effect of the errors decay and disappear (well, not quite) over time. Things that happened recently are relatively more important than things that happened a long time ago.
When p > 1, then we have what is called non–stationary time series. In this setup, you get a smoother time series that eventually explodes. Things that occurred a long time ago have a large impact compared to things that occurred more recently.
When p = 1, then we have a random walk i.e. yt = yt–1 + . In this setup, the time series moves up and down, but slowly. Things that happened in any period have an equal impact.
MA(1) process: ,
where the  are iid. Thus, the current error is really part of the error from the previous period plus the error from this period. An MA process is just a linear combination of white noise or iid error terms. In contrast to the AR(1) error process, the effect of the MA(1) error process is short–run and finite – it is affected by the current and prior values of  only.
As we can conclude, time series can be stationary or not. When we investigate non–stationary time series, we should remember about the problem of unit root and how to determinate the existence of this problem. A unit root is the term used in the analysis of time series characterizing the property of some non–stationary time series. The name is due to the fact that the so–called characteristic equation (or characteristic polynomial) of the autoregressive model of time series has roots equal to one. The presence of unit roots in autoregression of the time series model is equivalent to the concept of integration of a time series.
Integrated time series is the non–stationary time series, the difference of a certain order which are stationary time series. Such series are also known as difference–stationary (DS–rows, Difference Stationary). An example of integrated time series is a random walk, often used in modeling financial time series.
The concept of integrated time series is closely associated with the unit roots in autoregressive models. The presence of unit roots in the characteristic polynomial of the autoregressive component of the time series model refers to the integration of the time series. And the number of unit roots is of the same order of integration.
§6.2 Unit root
Assume that we have linear function of time series model with simple AR(1) process, where  are independent normal disturbances with zero mean and variance : , 
First difference time series are stationary. We represent the model in a slightly different form:
                               (6.7)
Thus, random walk with drift is externally similar to the linear trend model with one very important difference , the error variance of the model is proportional to time, i.e. over time it tends to infinity. Even though the mathematical expectation of a random error term is zero. Even if applied to the time series, under a process of elimination linear (deterministic) trend, we still get the non–stationary process, a stochastic trend.
In this case time series will be stationary if <1and contain a unit root =1. But series containing unit root are not stationary. So we can see that estimations generated by OLS method are biased. 
In the more complicated case we need to use special test to detect unit root in time series. There are many tests: Phillips — Perron test, Leyburn test, Schmidt — Phillips test, the test of Cochrane and others. Most widely used one is Dickey–Fuller test and Augmented Dickey–Fuller test. To show how it works we will use given autoregressive process AR(1): .
If we subtract yt–1 from the both sides of this equation, we obtain: , where  Therefore, to test the hypothesis of a unit root in this view means testing the null hypothesis of equality to zero of the coefficient . As a case of "explosive" process is eliminated, then the test is one–sided, that is, the alternative hypothesis is the hypothesis that the coefficient  is less than zero. 
=1 or 
 or 
Test statistics (DF–statistics) is the usual t–statistics to test the significance of linear regression coefficients. However, the distribution of this statistics differs from the classical distribution of t–statistics (student's distribution or asymptotic normal distribution). The distribution of the DF statistic is expressed through Wiener process and is called the distribution of Dickey — Fuller. 
There are three versions of the test (test regressions):
1) No constant, no trends
                                           (6.8)
2) There is constant, but trend is absent
                                    (6.9)
3) Constant and trend exist
                          (6.10)
For each of the three test regressions there are the critical values of DF–statistics, which are taken from special tables of Dickey — Fuller. If the value of statistics lies to the left of the critical value (the critical value is negative) at a given significance level, the null hypothesis of a unit root is rejected and the process admits a stationarity (in the sense of this test). Otherwise, the hypothesis is not rejected and the process can contain unit roots, i.e. be non–stationary (integrated) time series.
Formally: 
  (unit root presence)
  (stationary time series)
                                             (6.11)
Rejection rule : 
Table 6.1 The critical value of Dickey – fuller test statistic at 1% significance level
	Sample
	Model №1
	Model №2
	Model №3 

	25
	–2,66
	–3,75
	–4,38

	50
	–2,62
	–3,58
	–4,15

	100
	–2,60
	–3,51
	–4,04

	∞
	–2,58
	–3,43
	–3,96


Compiled by the authors
If there are added lags of the first differences of the time series in the regression test, the distribution of the DF statistic (and hence the critical value) will not change. This test is called the extended test of Dickey — Fuller (Augmented DF (ADF).
The need to include lags of the first differences is that the process can be autoregressive of the first and higher orders. The mechanism is the same, but models are different. By including lagged differences in the estimated equation, we correct for possible autocorrelation in the residuals.
There are three versions of the test (test regressions): 
1) No constant, no trends

2) There is constant, but trend is absent


3) Constant and trend exist

To find out how many lags to include, start with T\4 and test the significance of the highest lag, reduce it if not significant. Remember that the higher is frequency the more is K. 
Dickey — Fuller test, as many other tests, check the presence of only one unit root. However, theoretically the process can have multiple unit roots. In this case, the test may be incorrect.
Dickey–Fuller test, or simply DF test, is used for any of the estimation procedures described above and can thus be based on a regression with or without trend. If the graphical analysis of the series indicates a clear positive or negative trend, it is the most appropriate option to perform the Dickey–Fuller test with a trend. This implies that the alternative hypothesis allows the process to exhibit a linear deterministic trend. It is important to stress that the unit root hypothesis corresponds to the null hypothesis. If we are unable to reject the presence of a unit root it does not necessarily mean that it is true. It could just be that there is insufficient information in the data to reject it. Of course, this is simply the general difference between accepting a hypothesis and not rejecting it. Because the long–run properties of the process depend crucially on the imposition of a unit root, this is something to be aware of. 
Not all the series for which we cannot reject the unit root hypothesis are necessarily integrated of order one. To circumvent the problem that unit root tests often have low power, Kwiatkowski, Phillips, Schmidt and Shin (1992) propose an alternative test where stationarity is the null hypothesis and the existence of a unit root is the alternative one. This test is usually referred to as the KPSS test. The basic idea is that a time series is decomposed into the sum of a deterministic time trend, a random walk and a stationary error term (typically not white noise). The null hypothesis (of trend stationarity) specifies that the variance of the random walk component is zero. The test is actually a Lagrange multiplier test and computation of the test statistic is fairly simple. First, the researcher should run an auxiliary regression of Yt upon an intercept and a time trend t . Next, save the OLS residuals and compute the partial sums St= for all t. Then the test statistic is given by:
                                       (6.12)
where  is the estimator for the error variance. This latter estimator  may involve corrections for autocorrelation based on the Newey–West formula[footnoteRef:2]. The asymptotic distribution is non–standard, and Kwiatkowski reports a 5% critical value of 0.146. If the null hypothesis is stationarity rather than trend stationarity, the trend term should be omitted from the auxiliary regression. The test statistic is then computed in the same fashion, but the 5% critical value is 0.463. [2:  Verbeek, M. A guide to modern econometrics /M. Verbeek. – 2nd ed.; –England. : John Wiley & Sons Ltd.,2004.–Chapter 4.
] 

§6.3 AR, MA, ARMA models
Often the sixth Gauss–Markov assumption is violated in time series data. In this case errors for different observations correlate with each other if . This is known in econometrics as serial correlation or autocorrelation. There is pattern across the errors terms. The error terms are then not independently distributed across the observations and are not strictly random. The main properties of autocorrelation are described in the Chapter 3 of this paperwork.
Stationary autoregressive (AR) process
Many observed time series exhibit serial autocorrelation. That is, linear association between lagged observations. It means that the past observations might predict current observations. The autoregressive (AR) process models the conditional mean of  as a function of past observations: 
,,…,
An AR process that depends on p past observations is called an AR model of degree p, denoted by 
Stationary autoregressive (AR) processes have theoretical autocorrelation functions (ACFs) that decay towards zero, instead of cutting off to zero. The autocorrelation coefficients might alternate in sign frequently, or show a wave–like pattern, but in all cases, they tail off towards zero. By contrast, AR processes with order p have theoretical partial autocorrelation functions (PACF) that cut off to zero after lag p. The lag length of the final PACF spike equals the AR order of the process (p).
Autoregressive process of order p, AR(p):
                            (6.13)
Moving average (MA) process
The moving average (MA) model captures serial autocorrelation in a time series  by expressing the conditional mean of  as a function of past innovations: 
,,…,
An MA model that depends on q past innovations is called an MA model of degree q, denoted by MA(q).
The theoretical ACFs of MA (moving average) processes with order q cut off to zero after lag q, the MA order of the process. However, their theoretical PACFs decay towards zero. The lag length of the final ACF spike equals the MA order of the process (q).
Moving average process of order q, MA(q):
,  is typically normalized to 1. 
Stationary mixed (ARMA) process
For some observed time series, a very high–order AR or MA model is needed to model the underlying process well. In this case, a combined autoregressive moving average (ARMA) model can sometimes be a more parsimonious choice.
An ARMA model expresses the conditional mean of  as a function of both past observations (and past innovations: (
The number of past observations that  depends on, p, is the AR degree. The number of past innovations that  depends on, q, is the MA degree. In general, these models are denoted by ARMA(p,q).
Autoregressive moving average process of the orders p and q, ARMA(p,q):
                           (6.14)
To estimate ARMA model, series should be stationary. The stationarity of time series is closely linked to the concept of stability of homogenous linear difference equations.
If a linear homogeneous difference equation is stable, then its solution converges to zero as t tends to infinity. If it is not stable, then its solution diverges.
Stability conditions for AR(p) process
                             (6.15)
Let’s present pth order linear homogenous difference equation:
                      (6.16)
Characteristic roots of this equation: 
Stability of the corresponding pth order linear homogeneous difference equation is the necessary and sufficient condition for the stationarity of the generated time series: 
 is a necessary condition for stability;
 is a sufficient condition for stability;
. In this case the difference equation contains a unit root, which means that at least one of the characteristic roots equals unity.
Stability conditions for MA(q) process
                                           (6.17)
Let’s present homogenous difference equation which is stable:

· If q is finite, then the generated time series will be stationary.
· If q is infinite, then the necessary and sufficient condition for the stationarity of the generated time series is that the sums

are finite for all s.
Stability conditions for ARMA(p,q) process
                        (6.18)
Necessary and sufficient conditions for the stationarity of the generated time series are the following:
· the corresponding pth order linear homogeneous difference equation is stable;
· the sums 

 are finite for all s;
· The stationarity of a time series requires that its mean, variance and covariances are constant.
Autocorrelation and partial autocorrelation. ACF and PACF functions
ACF and PACF functions help to identify the parameters p and q of the ARMA(p, q) model.
Autocorrelation is the linear dependence of a variable with itself at two points in time. For stationary processes, autocorrelation between any two observations only depends on the time lag h between them. Define 
                                   (6.19)
Lag–h autocorrelation is given by:
, ) =                                (6.20)
The denominator  is the lag 0 covariance, in other words it is the unconditional variance of the process.
Correlation between two variables can result from a mutual linear dependence on the other variables. Partial autocorrelation is the autocorrelation between  and  after removing any linear dependence on (, , ..., ). The partial lag–h autocorrelation is denoted by .
The autocorrelation function (ACF) for a time series  is the sequence  The partial autocorrelation function (PACF) is the sequence 
The theoretical ACF and PACF for the AR, MA, and ARMA conditional mean models are known, and quite different for each model. The differences in ACF and PACF among models are useful when selecting models. The following summarizes the ACF and PACF behavior for these models.
§6.4 Box–Jenkins methodology
Box–Jenkins method, named after the George Box and Gwilym Jenkins, applies autoregressive moving average ARMA or ARIMA (integrated of order n) models to find the best fit of a time–series model to past values of a time series. In other words, Box–Jenkins methodology is used for the estimation of appropriate ARMA (p,q) model. 
The Box–Jenkins methodology is a four–step process for identifying, selecting and assessing conditional mean models (for discrete, univariate time series data).
1. Establishing the stationarity of the time series. If the series is not stationary, to attain stationarity the researcher should perform successful difference of the series. The sample autocorrelation function (ACF) and partial autocorrelation function (PACF) of a stationary series decay exponentially (or cut off completely after a few lags).
1. Identification. You need to plot ACF and PACF graphs for lags up to , after that to choose appropriate number of lags p and q.
2. Estimation. At this step estimate chosen ARMA(p,q), check stability conditions and save residuals.
3. Diagnostic checking. Plot ACF and PACF for the series of residuals, after that compute the Qstatistics and finally perform the Q–tests.
· If all the sample autocorrelations and partial autocorrelations are close to zero and if all the Q–tests do not reject the null hypothesis of no autocorrelation, then the estimated model might be the correct one.
· If not, then go back to step 1 and change the number of lags p and q.
Estimating the parameters for the Box–Jenkins models is a quite complicated non–linear estimation problem. For this reason, the parameter estimation should be left to a high quality software program that fits Box–Jenkins models. Fortunately, many statistical software programs now fit Box–Jenkins models.
The main approaches to fitting Box–Jenkins models are non–linear least squares and maximum likelihood estimation. Maximum likelihood estimation is generally the preferred technique. The likelihood equations for the full Box–Jenkins model are complicated and are not included here. 











CHAPTER 7. PANEL DATA
§7.1 Introduction to panel data
Panel data or longitudinal or cross–sectional time–series data represent observation of some variables on different objects (for example, different firms or regions) across time. Formally we can write it as: , where  and . 
Panel data allows you to control for variables you cannot observe or measure like cultural factors or difference in business practices across companies; or variables that change over time but not across entities (i.e. national policies, federal regulations, international agreements, etc.). It accounts for individual heterogeneity. With panel data you can include variables at different levels of analysis (i.e. students, schools, districts, states) suitable for multilevel or hierarchical modeling. Some drawbacks are data collection issues (i.e. sampling design, coverage), non–response in the case of micro panels or cross–country dependency in the case of macro panels (i.e. correlation between countries).
This type of date has its own advantages and disadvantages (or limitations).
§7.2 Advantages and problems
Estimation of panel data has some important advantages:
1) Allows impossible investigation of economic questions, which can be analyzed through the combination of the cross–sectional and time–series data (for example, analysis of the firms profit over the whole production period) 
2) Due to the panel data usage we increase the number of data points, and results of observations become more accurate;
3) Instruments of panel data analysis gives a chance to identify heterogeneity in the objects of interest; 
4)  Increase in degrees of freedom. Collinearity among explanatory variables becomes lower and efficiency of estimates improves;
5) The availability of multiple observations for a given individual or at given time allows to identify an unidentified model;
6) Due to the properties of presented data we can easier control aftereffect of missing or unobserved variables. 
Problems of having panel data are divided into three groups: 
1) Design and data collection problems. 
· Problems of coverage (incomplete account of the population of interest),
· Nonresponse (due to lack of cooperation of the respondent or because of the interviewer error),
· Missing information (respondent doesn’t remember the data or remembers not correctly),
·  Frequency of interviewing 
2) Distortions of measurement errors. 
Measurement errors may arise because of faulty responses due to:
· unclear questions,
· memory errors,
· inappropriate informants,
· Misrecording of responses
· Interviewer effects
3) Selectivity problems:
· self–selection
 In statistics, self–selection bias arises in any situation in which individuals select themselves into a group, causing a biased sample with no probability. It is commonly used to describe situations where the characteristics of the people which cause them to select themselves in the group create abnormal or undesirable conditions in the group.
· nonresponsive (refused to answer, nobody at home…)
· respondents may die, or move, or find that the cost of responding is high
One of the most important problems related to the panel data usage is selectivity bias. It is the mistake appeared in case of the selection of observations. This is the problem of biased (not random) data selection. Not random selection is the bottom of bias least–squares estimates. 
One of the most important problems of panel data is selectivity bias. It means that we choose sample not randomly, we have biased attitude. That can be the reason of the least–squares estimates. Suppose we have the regression model in which y is a level of education:
                                   (7.1)
Sometimes we are interested in analysis of the sample with certain level of education for different reasons, so:


In this case we can get biased estimation. The sample with the level of education less than the required level L will be excluded from this investigation. Estimation by OLS would underestimate effects. In other words, the sample selection procedure introduces correlation between right–hand variables and the error term, which leads to a downward–biased regression line.
Talking about limitations of panel data, we should also say a few words about the heterogeneity bias. Ignoring the individual or time–specific effects that exist among cross–sectional or time–series units but are not captured by the included explanatory variables can lead to parameter heterogeneity in the model specification. 
Ignoring such heterogeneity (in slope and/or constant) could lead to inconsistent or meaningless estimates of analyzed parameters.
Assume that we have regression model  would be the homogeneous model. 
Obviously, in these cases, pooled regression ignoring heterogeneous intercepts should never be used. Moreover, the direction of the bias of the pooled slope estimates cannot be identified a priori.
To correct some bias we can use pooled model with pooled OLS. The most restrictive model that specified constrained coefficients: 
If this model is correctly specified and regressors are uncorrelated with the error then it could be estimated with the use of pooled OLS. In the model  is the dependent variable,  is a K–dimensional row vector of time–varying explanatory variables and  is a M–dimensional row vector of time–invariant explanatory variables excluding the constant, α is the intercept, β is a K–dimensional column vector of parameters, γ is a M–dimensional column vector of parameters, ci is an individual–specific effect and is an idiosyncratic error term.
NT observations for all individuals and time periods as:

The pooled OLS estimator ignores the panel structure of the data and simply estimates α, β and γ as: 
                                  (7.2)
Where W = ,  is a NT×1 1 vector of ones.
The error term is likely to be correlated over time for a given individual, however in which case the usual reported standard errors should not be used as they can be greatly downward biased. The pooled OLS estimator is inconsistent if the fixed effects model, defined in the following chapter, is appropriate. 
§7.3 FD, FE, RE
Assume that we have data on each cross–section unit over T time periods. This is an unobserved effects model (UEM), also called the error components model. We can write the model for each time period:
                                       (7.3)
                                       (7.4)
…
                                       (7.5)
where t denotes observations of variable y for person i,
 is a vector of explanatory variables measured at time t,
 is unobserved in all periods but constant over time,
 is a time–varying idiosyncratic error.
The First–Difference (FD) estimation
The first–differenced equation that we derive further is very simple. It is just a single cross–sectional equation, but each variable is differenced over time. We can analyze it using the methods we developed before, provided the key assumptions are satisfied. The most important of these is that  is uncorrelated with . This assumption holds if the idiosyncratic error at each time t, , is uncorrelated with the explanatory variable in both time periods. This is another version of the strict exogeneity assumption for time series models. In particular, this assumption rules out the case where  is the lagged dependent variable. We allow  to be correlated with unobservables that are constant over time. When we obtain the OLS estimator, we call the resulting estimator the first–differenced estimator.
Assume the following model and its value in the previous period:
,                             (7.6)
,                         (7.7)
Note: any time constant explanatory variables are removed along with . Consequently, you need to choose explanatory variables which are varying over time.
Subtracting (11.2) from (11.1), we have:
∆ 
After the transformation the unobserved  are eliminated from the model.
The FD estimator  is then simply obtained by regressing changes on changes using OLS.
                                    (7.8)
Note that the rank condition must hold for  to be invertible: rank 
Similarly, 
                                   (7.9)
Where is given by 
                                (7.10)
Assumptions for Pooled OLS Using First Differences:
For the stated above model and random cross–section sample the following assumptions should hold:
· Each explanatory variable changes over time (for at least some i ), and no perfect linear relationships exist among the explanatory variables.
· For each t, the expected value of the idiosyncratic error given the explanatory variables in all time periods and the unobserved effect is zero: 
In this case we sometimes say that  are strictly exogenous conditional on the unobserved effect. The idea is that, once we control for , there is no correlation between the  and the remaining idiosyncratic error, , for all s and t.
· The variance of the differenced errors, conditional on all explanatory variables, is constant:
                       (7.11)
· For all , the differences in the idiosyncratic errors are uncorrelated (conditional on all explanatory variables): 
                               (7.12)
· Conditional on , the  are independent and identically distributed normal random variables. 
Fixed Effects (FE) Estimation
When there is an unobserved fixed effect, an alternative to first differences is fixed effects estimation. Fixed–effects methods also transform the model with the removal of  prior to estimation. Elimination of  is necessary because it may be correlated with , consequently: 
                                    (7.13)
So, there is endogeneity problem in the model.
Let’s go backward to the model presented at the beginning of this chapter. Average the equation: 
                                   (7.14)
After that transformation this equation over time looks like:
                                      (7.15)
Note: 
                                           (7.16)
Subtract (7.15) from (7.14):
                       (7.17)
A pooled OLS estimator based on the time–demeaned variables is called the fixed effects estimator or the within estimator (OLS uses the time variation in y and x within each cross–sectional observation).
Assume that we have a dummy variable regression: 
                                (7.18)
Traditional view of FE: assuming that the unobserved effect  can be estimated for each i (that is,  is an individual intercept).
Note: we cannot do that with a single cross section – there will be (N+k) parameters to estimate and only N observations.
Dummy variable regression is the way to estimate an intercept for each i by including a dummy variable for each cross–sectional observation, along with the explanatory variables.
First Differences versus Fixed Effects
First Differencing and Fixed Effects will be exactly the same when T = 2: 
           (7.19)

               (7.20)
So that after removing time averages we end up with two equations that are identical to the first difference formulation.
When T = 2, FD is rather easy to perform in any programme package that provides basic data transformations, and it is easy to calculate heteroskedasticity–robust statistics after FD estimation (because in this case FD estimation is just a cross–sectional regression).
When , the FE and FD estimators are not equivalent. Since both are unbiased, we cannot use unbiasedness as a criterion. Further, both are consistent (with T fixed as N → ). 
For large N and small T, the choice between FE and FD depends on the relative efficiency of the estimators, and it is defined by the serial correlation in the idiosyncratic errors,  (We will assume homoskedasticity of the , since efficiency comparisons require homoscedastic errors.)
When the  are serially uncorrelated, fixed effects is more efficient than first differencing . Since the unobserved effects model is typically stated (sometimes only implicitly) with serially uncorrelated idiosyncratic errors, the FE estimator is used more than the FD estimator. But we should remember that this assumption can be false. In many applications, we can expect the unobserved factors that change over time to be serially correlated. If follows a random walk, which means that there is very substantial, positive serial correlation, then the difference
 is serially uncorrelated, and first differencing is better. In many cases, the 
show some positive serial correlation, but perhaps not as much as a random walk. Therefore, we cannot easily compare the efficiency of the FE and FD estimators.
It is difficult to test whether the are serially uncorrelated after FE estimation: we can estimate the time–demeaned errors, , but not the . 
It is often a good idea to try both FE and FD: if the results are not sensitive, so much the better.
When T is large, and especially when N is not very large (for example,  and ), we have to be very careful in using the fixed effects estimator.
Theoretically, Fixed Effects estimation is better (in the sense of giving more precise parameter estimates, i.e. smaller standard errors) than First differences if  are serially uncorrelated.
On the other hand, First Differences are better if  are serially uncorrelated. We have looked at tests and diagnostic statistics for checking the serial correlation of . These tests can help to choose between FE and FD. Note that it is more difficult to test the serial correlation of  because here we need to estimate all .
First Differences (estimated by OLS) are not appropriate when there is a lagged dependent variable included in the model. In other words, a model of the form:
                        (7.21)
should not be estimated by OLS in first difference form because  is correlated with . In this case, the fixed effects estimator is preferable. It will be biased when T is small, but this bias disappears at the rate T–1 in samples with more time periods.
Fixed effects are easily implemented for unbalanced panels, not just balanced panels (Unbalanced panels are panels where individual cross–section units may have data for a different number of time periods): the procedures of fixed effects estimation with an unbalanced panel are not much more difficult than with a balanced panel. If  is the number of time periods for cross–sectional unit i, we simply use these  observations in doing the time–demeaning. The total number of observations is then . As in the balanced case, one degree of freedom is lost for every cross–sectional observation due to the time–demeaning. Any regression package that performs fixed effects makes the appropriate adjustment for this loss. The dummy variable regression also goes through in exactly the same way as with a balanced panel.
The Random Effects (RE) estimation
Start with the same basic model with a composite error
                        (7.22)
This model regression becomes a random effects model when we assume that the unobserved effect is uncorrelated with each explanatory variable:
                  (7.23)

Define   as the composite error.
Previously we’ve assumed that  was correlated with the x’s, but it’s not the case. OLS would be consistent in that case, but composite error will be serially correlated.
We assume that 
, , if                      (7.24)
and
, if                                (7.25)
For , , , if i≠j and  for all i, j, t and the most importantly, .
Then:
		                        (7.26)
Transform the model and run GLS (Generalized Least Squares) to solve the problem and make correct inferences.
The underlying idea is to do the quasi–differencing to remove the effect of serial correlation. The algebra to derive the required transformation is more advanced (matrix algebra) but the resulting estimator is available in the statistical software package Stata.
End up with a sort of weighted average of OLS and Fixed Effects – use quasi–demeaned data:
                                       (7.27)
                                          (7.28)
If  = 1, then this is just the fixed effects estimator.
If  = 0, then this is just the OLS estimator.
So, the bigger the variance of the unobserved effect, the closer it is to FE.
The smaller the variance of the unobserved effect, the closer it is to OLS.
Random Effects versus Fixed Effects
It is more common to think that we need fixed effects, since we think the problem is that something unobserved is correlated with the x’s.
One advantage of the random effects estimator is that it allows for the inclusion of regressors that are fixed over time. This includes variables such as education. However, since we believe that education is related to unobserved ability, the random effects assumptions may not be that attractive after all.
If the assumption of  being uncorrelated with  holds, then the FE estimator is still valid, but less efficient than the RE estimator. In other words, if we are sure that random effects are appropriate, it is better to use the RE estimator.
If we truly need random effects, the only problem is the standard errors. This means that we can run a pooled regression (rather than make the random effects transformation) and only correct for the standard error. The resulting estimator is less efficient than random effects, but will have correct standard errors. We can adjust the standard errors for correlation within group.
It is possible to test if a random effects specification is appropriate. This is done with the use of a Hausman test. The idea is that fixed effects estimators are valid both when the  are correlated with  and when they are not correlated. The random effects estimator on the other hand is only valid if  is not correlated with  In the latter case it is more efficient than the fixed effects estimator.
§7.4 Hausman test
Hausman test is used when we need to choose between Random Effects estimation and Fixed Effects estimation. The idea is that we should use the random effects estimates unless the Hausman test rejects:
                   (7.29)
In practice, a failure to reject means either that the RE and FE estimates are sufficiently close so that it does not matter which is used, or the sampling variation is so large in the FE estimates that one cannot conclude practically significant differences are statistically significant.
In the latter case, one is left to wonder whether there is enough information in the data to provide precise estimates of the coefficients. A rejection using the Hausman test is taken to mean that the key RE assumption, (14.8), is false, and then the FE estimates are used. (Naturally, as in all applications of statistical inference, one should distinguish between a practically significant difference and a statistically significant difference.)
Let’s consider the procedure of Hausman test. Assume that we state the following hypotheses:
  
 
If we can’t reject  then evaluations of  and  shouldn’t vary significantly. The test checks if there is a considerable difference of the quantity from the null.
Table 7.1. FE and RE estimates
	
	
	

	H0: 
	Consistent, inefficient
	Consistent, efficient

	Ha: 
	Consistent
	Inconsistent



If we can’t reject H0: use RE.
If we reject H0: use FE.
In practice it’s required to know what is  to run Hausman test.
Statistics for checking:
                (7.30)









CHAPTER 8. BINARY OUTCOME MODELS 
§8.1 Linear probability model
A binary random variable is a discrete random variable that has only two possible values, such as whether a subject dies (event) or lives (non–event). Such events are often described as success versus failure, and coded using the values 0 or 1. Consequently, the assumption that this type of outcome variable has a normal distribution does not hold anymore. The most common distribution used for a binary outcome is the Bernoulli distribution, which takes a value 1 with probability of success p and a value 0 with probability of failure q 1 p. The selection of the distribution for the outcome variable is not fixed. For example, if the occurrence is very rare, the Poisson distribution can be used.
Assume we have the model:
                               (8.1)
Where:
                                               (8.2)
                                   (8.3)
Interpretation of  : the change in given a one–unit increase in  , holding all other factors fixed.
           (8.4)
                                   (8.5)
Example (probability of being employed):
                 (8.6)
Where:
y=                             (8.7)
Interpretation of coefficients of the model:
 : a one–unit increase in net income, holding other factors fixed, changes the probability of being employed on .
: a one–year increase in education, holding other factors fixed, changes the probability of being employed on .
 : an increase in the number of young kids on one, holding other factors fixed, changes the probability of being employed on 
Predicted probability <0 or >1 for certain combinations of values for independent variables x.
Probability cannot be linearly related to the independent variables for all their possible values (e.g., first small child reduces the probability of labor force participation by a large amount, but subsequent children have a smaller marginal effect).
We also need to correct for heteroskedasticity: 
                                 (8.8)
,                                   (8.9)
As  takes the value of 1 or 0, the residuals  can take only two values: 
( ) and ( )
The respective probabilities of these events are () and ().
Table 8.1. Values of  for different 
	
	

	
	

	
	



                         (8.10)
Estimate the model by OLS, get .
Compute:
                                (8.11)
                                        (8.12)
 (for all x)                               (8.13)
And finally we need to regress  on .
After all these steps the heteroskedasticity in the model is corrected.
§8.2 Logit and probit models
Assume we have the following model:
                                        (8.14)
 is unobservable
                                            (8.15)

From (8.14) and (8.15) we have:
            (8.16)
0 <  < 1                                       (8.17)
F is the cumulative distribution for .
Depending on the kind of distribution function we get logit or probit model.
If the cumulative distribution function is logistic then we have the logit model:
                        (8.18)
If the cumulative distribution function is normal then we have the probit model:
                           (8.19)
Because logistic and normal cumulative distribution functions are close to each other, except of the tails, logit and probit models are likely to give similar results, unless the samples are large (so that we have enough observations at the tails).
However the estimates of  from logit and probit models are not directly comparable. As the logistic distribution has a variation , probit logit (if , i.e. standard normal distribution).
Alternative way to compare the models:
1) Calculate the sum of squared deviations from predicted probabilities; compare the percentages correctly predicted.
2) Look at the derivatives of the probabilities with respect to a particular independent variable.
Let’s turn to the model described in (12.1).
 element of the vector of explanatory variables 
element of 
Derivatives of the probabilities:
· Linear probability model: 
                                    (8.20)
· Probit:
                           (8.21)
· Logit: 
                       (8.22)
In the case of LPM, derivatives are constant.
In the case of the probit and logit models, we need to calculate them at different levels of the explanatory variables to get an idea of the range of variation of the resulting changes in the probabilities.
Comparison of logit and probit models
Theoretically the answer which model is better depends on the unknown data generating process.
The key choice is of .
Unlike the other ML applications the distribution is determined solely by , so this is the only possible misspecification.
If  is misspecified then MLE is inconsistent.
But provided  is still of single–index form then choosing the wrong function F effects all slope parameters equally, and the ratio of slope parameters is constant across the models.
Logit model is the binary model most often used by statisticians. Logit generalizes simply to multinomial data (more than two outcomes).
Probit model is the binary model most often used by economists. Probit is motivated by a latent normal random variable. Probit generalizes to tobit models and multinomial probit.
Empirically, both logit and probit models can be used:
a) They both give the similar predictions and marginal effects. 
b) The greatest difference is in prediction of probabilities close to 0 or 1.
Complementary log–odds model is also the option when most outcomes are 0 or 1. OLS can be useful for preliminary data analysis but final results should use probit or logit methods. 
§8.3 MLE estimation of logit
Likelihood function:
                                                 (8.23)
For logit estimation we have to substitute: 
                       (8.24)
For probit estimation we have to substitute: 
                            (8.25)
MLE estimation of logit:
         (8.26)

Define:
                                               (8.27)
log                            (8.28)
                         (8.29)
Solved for using the Newton–Rapson iteration method.
Note: Newton–Rapson iteration method for finding successively better approximations to the roots (or zeroes) of a real–valued function was applied. The idea of the method is as follows: one starts with an initial guess which is reasonably close to the true root, then the function is approximated by its tangent line (which can be computed using the tools of calculus), and one computes the x–intercept of this tangent line (which is easily done with elementary algebra). This x–intercept will typically be a better approximation to the function's root than the original guess, and the method can be iterated. 
§8.4 MLE estimation of probit
                       (8.30)
log =               (8.31)
            (8.32)
Solved for  with the use of the Newton–Rapson iteration method as well.





CHAPTER 9. MULTINOMIAL AND ORDERED MODELS
§9.1 Multinomial models
The multinomial and ordered regression models are the simple extension of the binomial logistic regression models. They are used when the dependent variable has more than two values.
If dependent variable is unordered then multinomial model is used. Otherwise, if dependent variable is ordered then ordered model is used.
Example of unordered dependent variables:
Level of education:
y=1 if the individual doesn’t have any education
y=2 if the individual has only a formal education
y=3 if the individual graduated from college
y=4 if the individual graduated from university
y=4 if the individual has some higher education
If we have unordered variables, we need to use multinomial models.
But it is too difficult to test multinomial probit model in assumption that (0,1), so there is a multinomial logit model used in econometrics usually under the assumption 
We analyze simultaneous choice among m alternatives. The idea is to look at pairwise comparisons to some reference outcome.
Let , , ...,  be the probabilities associated with these m categories.
, j=1, …, (m–1)                                   (9.1)
                                        (9.2)
                                           (9.3)
Note: in binary choice example (m = 2), we also started by defining:
                                 (9.4)
 for j=1, 2, …, (m–1)                          (9.5)

                                                   (9.6)
                                                       (9.7)
Model: 
                                                    (9.8)
Multinomial logit: MLE

                                          (9.9)
log =                                    (9.10)
   
	                                      (9.11)
                      (9.12)
Solved for  with the use of the Newton–Rapson iteration method.
§9.2 Ordered models
Assume that we have 3 ordered categories:1, 2 and 3.
The individual falls:
· in category 3 if ; 
· in category 2 if ; 
· in category 1 if .
                                           (9.13)
                               (9.14)
                                   (9.15)
For the distribution function F, we can use
· logistic cumulative distribution function, so it will be the ordered logit model:
· normal cumulative distribution function, so it will be the ordered probit model.
Model could be extended to m categories (adding more thresholds).
If we have m categories:
                                             (9.16)
                            (9.17)
                   (9.18)
...
This will imply:
                                             (9.19)
                                    (9.20)
                      (9.21)
      (9.22)
                    (9.23)
Consider an odered probit with m categories. Define a set of constants = , = , 
 (i=1, 2, …, n)                                (9.24)
                                     (9.25)
 is not observable, but we know which of the m categories it belongs to. It belongs to jth category if:
 (j=1, 2, …,m)                             (9.26)
We define a set of dummies:
		                       (9.27)
            (9.28)
MLE for ordered probit:
                 (9.29)

log =              (9.30)
F.O.C.:
                                                 (9.31)
                                                 (9.32)
Solved for  and  with the use of the Newton–Rapson iteration method
Estimates interpretation in MNL and ordered logit or ordered probit:
· To interpret both multinomial and ordered models, marginal effects should be computed for each category of y.
· In the MNL we look at the significance of coefficients and signs.
· Interpreting the coefficients based on their sign is not obvious in the ordered response model. The signs of parameters show whether the latent variable y* increases with the regressor. The magnitude of the coefficients will be different by a scale factor between the probit and logit models.
Suppose there are three categories.
Probabilities:
              (9.33)
                (9.34)
                              (9.35)
Marginal effects:

                                (9.36)
                  (9.37)
                             (9.38)
Assuming that  is positive (for this x),  (lowest category) must decline. Derivative of  has the opposite sign from.
By a similar logic, the change in  (highest category) must have the same sign as .
But what happens to the middle cell is ambiguous. It depends on the two densities.
The marginal effect of an increase in a regressor x depends on the probability of selecting alternative j. The marginal effects of each variable depend on the different alternatives summed up to zero. Each unit increase in the independent variable increases (or decreases) the probability of selecting alternative j by the marginal effect expressed as a percentage.
§9.3 Censored and truncated regression models
[bookmark: _GoBack]Sometimes we resave non–standard data which contain some restrictions. For example, we analyze the mean temperature in hospital: when actual temperature is above 36,6 degrees Celsius, the reported temperature is 36,6 degrees Celsius. In other words, when we deal with imperfect information, we can use censored models. Censoring can be caused by survey design, random sample, when we know whether missing values are above or below a given threshold or if the information on the explanatory variables xi for all i is available, but on the dependent variable yi it is missing for some i. Formally censored model can be formulated as: 
                                (9.39)
                                   (9.40)
                                     (9.41)
The model is also referred to as the censored regression model. It is a standard regression model, where all negative values are mapped to zeros. That is, observations are censored (from below) at zero. When the data are censored, variation in the observed variable will understate the effect of the regressors on the “true” dependent variable.
The model thus describes two things. One is the probability that yi = 0 (given xi), given by:
                                                                        (9.42)
The other is the distribution of yi given that it is positive. This is a truncated normal distribution with the expectation:
    (9.43)
So, we can see that in the Tobit model we are modeling economic behavior, which often yields zero outcomes. With censored regression, we have data collection problem.
                            (9.44)
                                             (9.45)
                                               (9.46)
                   (9.47)
Censored normal regression model has censoring from the right or from the left:
                       (9.48)
wi= min(yi, ci): rather than observing yi, we observe it only if it is less than a censoring value,
wi= max(yi, ci): rather than observing yi, we observe it only if it is more than a censoring value, ci.
Density of wi given xi and ci:
                  (9.49)
The log–likelihood for observation i is obtained by taking the natural log of the density for each value. We maximize the sum across i, with respect to the j and s, to obtain the MLEs.
As we conclude from this model, depended variable can be censored by different reasons, but we could add censored observations in the regression. Also there is the model, where only the truncated data are available for the regression. 
Truncated model is the model in which we observe variable only if depended variable is above or below certain threshold. Also in this case we do not have a random sample, but we know the rule that was used to include units in the sample. 
Truncated models are used for truncation by survey design or incidental truncation. Example of the first one is: analysis of the power in sport, when all sportsmen with power bellow then 50 pounds is dropped from the sample. Example of the second one case is the following: only those who have job, have wage information. It is only the agents’ decision not to participate in the survey’s design that determines the sample selection. 
In general, instead of using all the n observations, we use a subsample. Then, we should run OLS using this subsample (truncated sample) only. And what will happen with OLS? There are two cases: 
1) OLS is unbiased
1.1 Sample selection is randomly done
1.2 Sample selection is determined solely by the value of x variable
2) OLS is biased 
 2.1 Sample selection is determined by the value of y variable
2.2 Sample selection is correlated with εi
Case number two is not valid, so we need the truncated regression with ML estimation. We should remember that yi < ci, so we find density function of  at this circumstance: 
          (9.50)
The likelihood contribution for each i observation is given by:
                                                 (9.51)
If we take log, sum across i and maximize the result with respect to the  and , we obtain the MLEs:
                                 (9.52)
In conclusion, truncated regression differs from the censored regression in the following way: the dependent variable may be censored, but you can include the censored observations in the regression in censored model and a subset of observations is dropped, thus, only the truncated data are available for the regression in truncated model. 
















CONCLUSION
In this book we have discussed the main basic aspects of econometric analysis. As we have mentioned, econometric analysis is very important in nowadays economic research and nobody could imagine good economic paper or research project without empirics. Econometrics is used in all applied economics fields to test economic theories, to inform government and private policy makers, and to predict economic time series. Sometimes, an econometric model is derived from a formal economic model, but in other cases, econometric models are based on informal economic reasoning and intuition. The goals of any econometric analysis are to estimate the parameters in the model and to test hypotheses about these parameters; the values and signs of the parameters determine the validity of an economic theory and the effects of certain policies. 
Every economic research is performed on three main types of data: cross-sectional, time series and panel data. The detailed analysis of the advantages, problems and methods of estimation according to each type was covered in the main chapters. Cross-sectional, time series, pooled cross-sectional, and panel data are the most common types of data structures that are used in applied econometrics. Data sets involving a time dimension, such as time series and panel data, require special treatment because of the correlation across time of most economic time series. Other issues, such as trends and seasonality, arise in the analysis of time series data but not cross-sectional data.
Every researcher should take into account all the main features of data types, databases, goals of research and methods of estimation, because more correct you are in your choice, more correct are the results and predictions.
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14. 
GLOSSARY
A
Alternative Hypothesis: The hypothesis against which the null hypothesis is tested.
AR(1) Serial Correlation: The errors in a time series regression model follow an AR(1) model.
Augmented Dickey–Fuller Test: A test for a unit root that includes lagged changes of the variable as regressors.
Autocorrelation: See serial correlation.
Autoregressive Conditional Heteroskedasticity (ARCH): A model of dynamic heteroskedasticity where the variance of the error term, given past information, depends linearly on the past squared errors.
Autoregressive Process of Order One [AR(1)]: A time series model whose current value depends linearly on its most recent value plus an unpredictable disturbance.
B
Balanced Panel: A panel data set where all years (or periods) of data are available for all cross–sectional units.
Bernoulli (or Binary) Random Variable: A random variable that takes on the values zero or one.
Best Linear Unbiased Estimator (BLUE): Among all linear unbiased estimators, the one with the smallest variance. OLS is BLUE, conditional on the sample values of the explanatory variables, under the Gauss–Markov assumptions.
Bias: The difference between the expected value of an estimator and the population value that the estimator is supposed to be estimating.
Biased Estimator: An estimator whose expectation, or sampling mean, is different from the population value it is supposed to be estimating.
Binary Response Model: A model for a binary (dummy) dependent variable.
Breusch–Godfrey Test: An asymptotically justified test for AR(p) serial correlation, with AR(1) being the most popular; the test allows for lagged dependent variables as well as other regressors that are not strictly exogenous.
Breusch–Pagan Test: A test for heteroskedasticity where the squared OLS residuals are regressed on the explanatory variables in the model.
C
Censored Regression Model: A multiple regression model where the dependent variable has been censored above or below some known threshold.
Chi–Square Distribution: A probability distribution obtained by adding the squares of independent standard normal random variables. The number of terms in the sum equals the degrees of freedom in the distribution.
Chi–Square Random Variable: A random variable with a chi–square distribution.
Classical Linear Model: The multiple linear regression model under the full set of classical linear model assumptions.
Cointegration: The notion that a linear combination of two series, each of which is integrated of order one, is integrated of order zero.
Composite Error Term: In a panel data model, the sum of the time–constant unobserved effect and the idiosyncratic error.
Conditional Distribution: The probability distribution of one random variable, given the values of one or more other random variables.
Conditional Expectation: The expected or average value of one random variable, called the dependent or explained variable, that depends on the values of one or more other variables, called the independent or explanatory variables.
Consistent Estimator: An estimator that converges in probability to the population parameter as the sample size grows without bound.
Correlated Random Effects: An approach to panel data analysis where the correlation between the unobserved effect and the explanatory variables is modeled, usually as a linear relationship.
Correlation Coefficient: A measure of linear dependence between two random variables that does not depend on units of measurement and is bounded between –1 and 1.
Covariance: A measure of linear dependence between two random variables.
Critical Value: In hypothesis testing, the value against which a test statistic is compared to determine whether or not the null hypothesis is rejected.
Cross–Sectional Data Set: A data set collected by sampling a population at a given point in time.
Cumulative Distribution Function: A function that gives the probability of a random variable being less than or equal to any specified real number.
Cumulative Effect: At any point in time, the change in a response variable after a permanent increase in an explanatory variable—usually in the context of distributed lag models.
D
Data Censoring: A situation that arises when we do not always observe the outcome on the dependent variable because at an upper (or lower) threshold we only know that the outcome was above (or below) the threshold. 
Data Frequency: The interval at which time series data are collected. Yearly, quarterly, and monthly are the most common data frequencies.
Degrees of Freedom: In multiple regression analysis, the number of observations minus the number of estimated parameters.
Dependent Variable: The variable to be explained in a multiple regression model (and a variety of other models).
Descriptive Statistic: A statistic used to summarize a set of numbers; the sample average, sample median, and sample standard deviation are the most common.
Detrending: The practice of removing the trend from a time series.
Dickey–Fuller (DF) Test: A t test of the unit root null hypothesis in an AR(1) model. 
Dummy Variable: A variable that takes on the value zero or one.
Dummy Variable Regression: In a panel data setting, the regression that includes a dummy variable for each cross–sectional unit, along with the remaining explanatory variables. It produces the fixed effects estimator.
Durbin–Watson (DW) Statistic: A statistic used to test for first order serial correlation in the errors of a time series regression model under the classical linear model assumptions.
E
Econometric Model: An equation relating the dependent variable to a set of explanatory variables and unobserved disturbances, where unknown population parameters determine the ceteris paribus effect of each explanatory variable.
Endogeneity: A term used to describe the presence of an endogenous explanatory variable.
Endogenous Explanatory Variable: An explanatory variable in a multiple regression model that is correlated with the error term, either because of an omitted variable, measurement error, or simultaneity.
Endogenous Variables: In simultaneous equations models, variables that are determined by the equations in the system.
Engle–Granger Test: A test of the null hypothesis that two time series are not cointegrated; the statistic is obtained as the Dickey–Fuller statistic using OLS residuals.
Error Correction Model: A time series model in first differences that also contains an error correction term, which works to bring two I(1) series back into long–run equilibrium.
Error Term: The variable in a simple or multiple regression equation that contains unobserved factors which affect the dependent variable. The error term
may also include measurement errors in the observed dependent or independent variables.
Estimate: The numerical value taken on by an estimator for a particular sample of data.
Estimator: A rule for combining data to produce a numerical value for a population parameter; the form of the rule does not depend on the particular sample obtained.
Exclusion Restrictions: Restrictions which state that certain variables are excluded from the model (or have zero population coefficients).
Exogenous Variable: Any variable that is uncorrelated with the error term in the model of interest.
Expected Value: A measure of central tendency in the distribution of a random variable, including an estimator.
Explained Sum of Squares (SSE): The total sample variation of the fitted values in a multiple regression model.
Explanatory Variable: In regression analysis, a variable that is used to explain variation in the dependent variable.
Exponential Function: A mathematical function defined for all values that has an increasing slope but a constant proportionate change.
Exponential Trend: A trend with a constant growth rate.
F
F Distribution: The probability distribution obtained by forming the ratio of two independent chi–square
random variables, where each has been divided by its degrees of freedom.
F Statistic: A statistic used to test multiple hypotheses about the parameters in a multiple regression model.
Feasible GLS (FGLS) Estimator: A GLS procedure where variance or correlation parameters are unknown and therefore must first be estimated. 
First Difference: A transformation on a time series constructed by taking the difference of adjacent time periods, where the earlier time period is subtracted from the later time period.
First–Differenced (FD) Equation: In time series or panel data models, an equation where the dependent and independent variables have all been first differenced.
Fixed Effects Estimator: For the unobserved effects panel data model, the estimator obtained by applying pooled OLS to a time–demeaned equation.
Functional Form Misspecification: A problem that occurs when a model has omitted functions of the explanatory variables (such as quadratics) or uses the wrong functions of either the dependent variable or some explanatory variables.
G
Gauss–Markov Assumptions: The set of assumptions under which OLS is BLUE.
Gauss–Markov Theorem: The theorem that states that, under the five Gauss–Markov assumptions (for crosssectional or time series models), the OLS estimator is BLUE (conditional on the sample values of the explanatory variables).
Generalized Least Squares (GLS) Estimator: An estimator that accounts for a known structure of the error variance (heteroskedasticity), serial correlation pattern in the errors, or both, via a transformation of the original model.
Goodness–of–Fit Measure: A statistic that summarizes how well a set of explanatory variables explains a dependent or response variable.
Granger Causality: A limited notion of causality where past values of one series (xt) are useful for predicting future values of another series (yt), after past values of yt have been controlled for.
H
Heterogeneity Bias: The bias in OLS due to omitted heterogeneity (or omitted variables).
Heteroskedasticity: The variance of the error term, given the explanatory variables, is not constant.
Homoskedasticity: The errors in a regression model have constant variance conditional on the explanatory variables.
Hypothesis Test: A statistical test of the null, or maintained, hypothesis against an alternative hypothesis.
I
Identification: A population parameter, or set of parameters, can be consistently estimated.
Identified Equation: An equation whose parameters can be consistently estimated, especially in models with endogenous explanatory variables.
 Idiosyncratic Error: In panel data models, the error that changes over time as well as across units (say, individuals, firms, or cities).
Inclusion of an Irrelevant Variable: The including of an explanatory variable in a regression model that has a zero population parameter in estimating an equation by OLS.
Inconsistency: The difference between the probability limit of an estimator and the parameter value.
Independent Random Variables: Random variables whose joint distribution is the product of the marginal distributions.
Instrumental Variable (IV): In an equation with an endogenous explanatory variable, an IV is a variable that does not appear in the equation, is uncorrelated with the error in the equation, and is (partially) correlated with the endogenous explanatory variable.
Integrated of Order One [I(1)]: A time series process that needs to be first–differenced in order to produce an I(0) process.
Intercept: In the equation of a line, the value of the y variable when the x variable is zero.
J
Joint Hypotheses Test: A test involving more than one restriction on the parameters in a model.
Jointly Insignificant: Failure to reject, using an F test at a specified significance level, that all coefficients for a group of explanatory variables are zero.
Jointly Statistically Significant: The null hypothesis that two or more explanatory variables have zero population coefficients is rejected at the chosen significance level.
L
Lag Distribution: In a finite or infinite distributed lag model, the lag coefficients graphed as a function of the lag length.
Lagged Dependent Variable: An explanatory variable that is equal to the dependent variable from an earlier time period.
Lagrange Multiplier (LM) Statistic: A test statistic with large–sample justification that can be used to test for omitted variables, heteroskedasticity, and serial correlation, among other model specification problems.
Least Squares Estimator: An estimator that minimizes a sum of squared residuals.
Likelihood Ratio Statistic: A statistic that can be used to test single or multiple hypotheses when the constrained and unconstrained models have been estimated by maximum likelihood. The statistic is twice the difference in the unconstrained and constrained log–likelihoods.
Linear Function: A function where the change in the dependent variable, given a one–unit change in an independent variable, is constant.
Linear Probability Model (LPM): A binary response model where the response probability is linear in its parameters.
Linear Time Trend: A trend that is a linear function of time.
Logit Model: A model for binary response where the response probability is the logit function evaluated at a linear function of the explanatory variables.
Log–Likelihood Function: The sum of the log–likelihoods, where the log–likelihood for each observation is the log of the density of the dependent variable given the explanatory variables; the log–likelihood function is viewed as a function of the parameters to be estimated.
M
Marginal Effect: The effect on the dependent variable that results from changing an independent variable by a small amount.
Maximum Likelihood Estimator: An estimator that maximizes the (log of the) likelihood function.
Measurement Error: The difference between an observed variable and the variable that belongs in a multiple regression equation.
Moving Average Process of Order One [MA(1)]: A time series process generated as a linear function of the current value and one lagged value of a zeromean, constant variance, uncorrelated stochastic process.
Multicollinearity: A term that refers to correlation among the independent variables in a multiple regression model; it is usually invoked when some correlations are “large,” but an actual magnitude is not well defined.
Multiple Hypotheses Test: A test of a null hypothesis involving more than one restriction on the parameters.
Multiple Linear Regression (MLR) Model: A model linear in its parameters, where the dependent variable is a function of independent variables plus an error term.
Multiple Regression Analysis: A type of analysis that is used to describe estimation of and inference in the multiple linear regression model.
Multivariate Normal Distribution: A distribution for multiple random variables where each linear combination of the random variables has a univariate (onedimensional) normal distribution.
N
Nonstationary Process: A time series process whose joint distributions are not constant across different epochs.
Normal Distribution: A probability distribution commonly used in statistics and econometrics for modeling a population. Its probability distribution function has a bell shape.
Normality Assumption: The classical linear model assumption which states that the error (or dependent variable) has a normal distribution, conditional on the explanatory variables.
Null Hypothesis: In classical hypothesis testing, we take this hypothesis as true and require the data to provide substantial evidence against it.
O
OLS Regression Line: The equation relating the predicted value of the dependent variable to the independent variables, where the parameter estimates have been obtained by OLS.
OLS Slope Estimate: A slope in an OLS regression line.
Omitted Variable Bias: The bias that arises in the OLS estimators when a relevant variable is omitted from the regression.
Omitted Variables: One or more variables, which we would like to control for, have been omitted in estimating a regression model.
One–Sided Alternative: An alternative hypothesis that states that the parameter is greater than (or less than) the value hypothesized under the null.
Ordinary Least Squares (OLS): A method for estimating the parameters of a multiple linear regression model. The ordinary least squares estimates
are obtained by minimizing the sum of squared residuals.
Overidentified Equation: In models with endogenous explanatory variables, an equation where the number of instrumental variables is strictly greater than the number of endogenous explanatory variables.
Overidentifying Restrictions: The extra moment conditions that come from having more instrumental variables than endogenous explanatory variables in a linear model.
P
p–Value: The smallest significance level at which the null hypothesis can be rejected. Equivalently, the largest significance level at which the null hypothesis cannot be rejected.
Panel Data: A data set constructed from repeated cross sections over time. With a balanced panel, the same units appear in each time period. With an unbalanced panel, some units do not appear in each time period, often due to attrition.
Parameter: An unknown value that describes a population relationship.
Perfect Collinearity: In multiple regression, one independent variable is an exact linear function of one or more other independent variables.
Poisson Distribution: A probability distribution for count variables.
Poisson Regression Model: A model for a count dependent variable where the dependent variable, conditional on the explanatory variables, is nominally assumed to have a Poisson distribution.
Pooled Cross Section: A data configuration where independent cross sections, usually collected at different points in time, are combined to produce a single data set.
Pooled OLS Estimation: OLS estimation with independently pooled cross sections, panel data, or cluster samples, where the observations are pooled across time (or group) as well as across the cross–sectional units.
Population: A well–defined group (of people, firms, cities, and so on) that is the focus of a statistical or econometric analysis.
Power of a Test: The probability of rejecting the null hypothesis when it is false; the power depends on the values of the population parameters under the alternative.
Probit Model: A model for binary responses where the response probability is the standard normal cdf evaluated at a linear function of the explanatory variables.
Proxy Variable: An observed variable that is related but not identical to an unobserved explanatory variable in multiple regression analysis.
Pseudo R–Squared: Any number of goodness–of–fit measures for limited dependent variable models.
Q
Quadratic Functions: Functions that contain squares of one or more explanatory variables; they capture diminishing or increasing effects on the dependent variable.
R
R–Squared: In a multiple regression model, the proportion of the total sample variation in the dependent variable that is explained by the independent variable.
R–Squared Form of the F Statistic: The F statistic for testing exclusion restrictions expressed in terms of the R–squared from the restricted and unrestricted models.
Random Effects Estimator: A feasible GLS estimator in the unobserved effects model where the unobserved effect is assumed to be uncorrelated with the explanatory variables in each time period.
Random Effects Model: The unobserved effects panel data model where the unobserved effect is assumed to be uncorrelated with the explanatory variables in each time period.
Random Sample: A sample obtained by sampling randomly from the specified population.
Random Variable: A variable whose outcome is uncertain.
Random Walk: A time series process where next period’s value is obtained as this period’s value, plus an independent (or at least an uncorrelated) error term.
Rank Condition: A sufficient condition for identification of a model with one or more endogenous explanatory variables.
Rank of a Matrix: The number of linearly independent columns in a matrix.
Real Variable: A monetary value measured in terms of a base period.
Regression Specification Error Test (RESET): A general test for functional form in a multiple regression model; it is an F test of joint significance of the squares, cubes, and perhaps higher powers of the fitted values from the initial OLS estimation.
Rejection Region: The set of values of a test statistic that leads to rejecting the null hypothesis.
Rejection Rule: In hypothesis testing, the rule that determines when the null hypothesis is rejected in favor of the alternative hypothesis.
Residual: The difference between the actual value and the fitted (or predicted) value; there is a residual for each observation in the sample used to obtain an OLS regression line.
Response Probability: In a binary response model, the probability that the dependent variable takes on the value one, conditional on explanatory variables.
S
Seasonality: A feature of monthly or quarterly time series where the average value differs systematically by season of the year.
Selected Sample: A sample of data obtained not by random sampling but by selecting on the basis of some observed or unobserved characteristic.
Self–Selection: Deciding on an action based on the likely benefits, or costs, of taking that action.
Serial Correlation: In a time series or panel data model, correlation between the errors in different time periods.
Serially Uncorrelated: The errors in a time series or panel data model are pairwise uncorrelated across time.
Significance Level: The probability of a Type I error in hypothesis testing.
Simple Linear Regression Model: A model where the dependent variable is a linear function of a single independent variable, plus an error term.
Simultaneity: A term that means at least one explanatory variable in a multiple linear regression model is determined jointly with the dependent variable.
Simultaneity Bias: The bias that arises from using OLS to estimate an equation in a simultaneous equations model.
Simultaneous Equations Model (SEM): A model that jointly determines two or more endogenous variables, where each endogenous variable can be a function of other endogenous variables as well as of exogenous variables and an error term.
Standard Deviation: A common measure of spread in the distribution of a random variable.
Standard Error: Generically, an estimate of the standard deviation of an estimator.
Standard Normal Distribution: The normal distribution with mean zero and variance one.
Stationary Process: A time series process where the marginal and all joint distributions are invariant across time.
Statistically Insignificant: Failure to reject the null hypothesis that a population parameter is equal to zero, at the chosen significance level.
Statistically Significant: Rejecting the null hypothesis that a parameter is equal to zero against the specified alternative, at the chosen significance level.
Stochastic Process: A sequence of random variables indexed by time.
Structural Equation: An equation derived from economic theory or from less formal economic reasoning.
Sum of Squared Residuals (SSR): In multiple regression analysis, the sum of the squared OLS residuals across all observations.
T
T–Distribution: The distribution of the ratio of a standard normal random variable and the square root of an independent chi–square random variable, where the chi–square random variable is first divided by its df.
t–Statistic: The statistic used to test a single hypothesis about the parameters in an econometric model.
Test Statistic: A rule used for testing hypotheses where each sample outcome produces a numerical value.
Time–Demeaned Data: Panel data where, for each cross–sectional unit, the average over time is subtracted from the data in each time period.
Time Series Data: Data collected over time on one or more variables.
Time Trend: A function of time that is the expected value of a trending time series process.
Tobit Model: A model for a dependent variable that takes on the value zero with positive probability but is roughly continuously distributed over strictly positive values.
Total Sum of Squares (SST): The total sample variation in a dependent variable about its sample average.
Trend–Stationary Process: A process that is stationary once a time trend has been removed; it is usually implicit that the detrended series is weakly dependent.
Truncated Normal Regression Model: The special case of the truncated regression model where the underlying population model satisfies the classical linear model assumptions.
Truncated Regression Model: A linear regression model for cross–sectional data in which the sampling scheme entirely excludes, on the basis of outcomes on the dependent variable, part of the population.
Two–Sided Alternative: An alternative where the population parameter can be either less than or greater than the value stated under the null hypothesis.
Two Stage Least Squares (2SLS) Estimator: An instrumental variables estimator where the IV for an endogenous explanatory variable is obtained as the fitted value from regressing the endogenous explanatory variable on all exogenous variables.
Type I Error: A rejection of the null hypothesis when it is true.
Type II Error: The failure to reject the null hypothesis when it is false.
U
Unbalanced Panel: A panel data set where certain years (or periods) of data are missing for some crosssectional units.
Unbiased Estimator: An estimator whose expected value (or mean of its sampling distribution) equals the population value (regardless of the population value).
Uncorrelated Random Variables: Random variables that are not linearly related.
Unidentified Equation: An equation with one or more endogenous explanatory variables where sufficient instrumental variables do not exist to identify the parameters.
Unit Root Process: A highly persistent time series process where the current value equals last period’s value, plus a weakly dependent disturbance.
Unobserved Effect: In a panel data model, an unobserved variable in the error term that does not change over time. For cluster samples, an unobserved variable that is common to all units in the cluster.
Unobserved Effects Model: A model for panel data or cluster samples where the error term contains an unobserved effect.
Unrestricted Model: In hypothesis testing, the model that has no restrictions placed on its parameters.
Upward Bias: The expected value of an estimator is greater than the population parameter value.
V
Variance: A measure of spread in the distribution of a random variable.
Variance–Covariance Matrix: For a random vector, the positive semi–definite matrix defined by putting the variances down the diagonal and the covariances in the appropriate off–diagonal entries.
Variance–Covariance Matrix of the OLS Estimator: The matrix of sampling variances and covariances for the vector of OLS coefficients.
Variance Inflation Factor: In multiple regression analysis under the Gauss–Markov assumptions, the term in the sampling variance affected by correlation among the explanatory variables.
Variance of the Prediction Error: The variance in the error that arises when predicting a future value of the dependent variable based on an estimated multiple regression equation.
Vector Autoregressive (VAR) Model: A model for two or more time series where each variable is modeled as a linear function of past values of all variables, plus disturbances that have zero means given all past values of the observed variables.
W
Wald Statistic: A general test statistic for testing hypotheses in a variety of econometric settings; typically, the Wald statistic has an asymptotic chi–square distribution.
Weak Instruments: Instrumental variables that are only slightly correlated with the relevant endogenous explanatory variable or variables.
White Test: A test for heteroskedasticity that involves regressing the squared OLS residuals on the OLS fitted values and on the squares of the fitted values; in its most general form, the squared OLS residuals are regressed on the explanatory variables, the squares of the explanatory variables, and all the nonredundant interactions of the explanatory variables.
Z
Zero Conditional Mean Assumption: A key assumption used in multiple regression analysis that states that, given any values of the explanatory variables, the expected value of the error equals zero. 
Zero Matrix: A matrix where all entries are zero.
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