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INTRODUCTION 

The Monte Carlo methods are group of analyzing approaches that are based on 

the random number generation and usually employs computer algorithms. These 

methods are widely used in the computational sciences, but in the last decades found 

their way into social studies. 

Monte Carlo methods have been existing for more than a 60 years by now, being 

one of the first computational approaches used with newly invented digital computers. 

These methods are usually used in the cases where traditional approaches fail to 

provide accurate results, whether complex functions are analyzed or markets with a big 

number of different actors are modeled. With development of computer technologies 

Monte Carlo methods have found their way into many disciplines. Nowadays these 

methods are more widespread than ever. However, in some cases now even more 

effective approaches are proposed. Yet, in many applications Monte Carlo cannot be 

surpassed in effectiveness and accuracy. For example, it is still dominant in its original 

application, which is simulating complex interactions in any area where quantitative 

models are possible. 

The main aim of the book is to demonstrate what Monte Carlo methods are and 

how they can be used to solve problems in mathematics, economics, physics, biology, 

sociology, and a number of other sciences. This is done by reviewing different 

computational approaches that use Monte Carlo methods and providing different 

examples to illustrate how these methods could be used in practical research. 

This book extensively uses mathematical language as one of the means of 

explanation, thus student should have certain level of mathematical skills, including 

matrix arithmetic and integration. Apart from that, this book provide algorithms for 

computer programs using MATLAB instruments as illustrations, therefore to 

understand them programming experience would be helpful, but not crucially needed, 

since all examples are commented and explained. A ‘computer inclined’ mind is more 

important in this case. Knowledge in statistics, probability theory, and econometrics 

would also be beneficent for understanding of this book. 
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The book is divided in four parts that consist from several sections and exercise 

section, which allows to revise and use in practice gained information. Each of the parts 

considers different components of Monte Carlo methods and their implementation. Let 

us present them in more detail. 

First part gives an overview of what Monte Carlo methods are, how they 

appeared and developed, what tools are used to employ Monte Carlo methods. Apart 

from that, first part revises concepts of probability and randomness that are required to 

understand considered approach. It also explains how different random number 

generators work and their distinctive features. It all concluded with several basic 

examples of how Monte Carlo methods could be used. 

Second part descripts what is sampling, why is it used, and how can it benefit 

from the Monte Carlo methods. Next, this part presents how can standard distributions 

be sampled, providing the list of commands for MATLAB and code examples. Then 

the explanation of more complex procedure of sampling from nonstandard 

distributions with employing Monte Carlo approach follows. 

Third part considers the concept of the heuristic optimization approach, 

reviewing general idea of the approach compared to the traditional view, then provides 

explanations for different types of the heuristic optimization algorithms and how they 

should be constructed and implemented. As an illustrations for the first segment of this 

part, book presents several applications of the optimization heuristics for the discrete 

and continuous search spaces. 

Last part of the book explains a modern concept of agent-based modelling. 

Covering common points of its idea, components, why this kind of modelling could be 

more effective than classical models, and main distinctive features. Moreover, this part 

presents several examples of the agent-based models, such as urban models, models of 

opinion dynamics, models of supply chains and industrial networks aiming to cover all 

main spheres of application of the modelling. 

This book uses MATLAB programming software for the algorithm illustrations 

and creating informative graphs and visualizations of the results. The choice of the 

programming language is mainly based on simplicity of it both regarding the 
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understanding it and using it to solve problems, since it provides a wide range of 

mathematical and graphical tools. Moreover, the codes provided in the book are rather 

simple and could be executed within MATLAB (or it freeware alternative – Octave). 

However, when solving complex problems, that require implementation of the Monte 

Carlo methods, researchers might consider using richer programming languages such 

as Java, Python or C++.  
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PART 1: INTRODUCTION TO MONTE CARLO METHODS 

This part will give an overview of what Monte Carlo methods are, how they 

appeared, what problems they could solve, and their simplest applications. It also 

covers how random events or numbers could be employed in scientific assessment and 

what randomness really is. Different algorithms for generating random numbers and 

their practical usage in Monte Carlo methods are also presented in this part of the book. 

1.1. Monte Carlo methods 

As scientific problems become more and more complex and computers become 

more and more powerful, new methods of assessment and analysing appear. The Monte 

Carlo methods (MMC) are part of them. It is essentially a technique for analysing 

phenomena by using computational algorithms relying on generating random numbers. 

This group of methods received its name from its creators – Stanislaw Ulam and John 

von Neumann who proposed it while working on solving the neutron diffusion problem 

at Los Alamos in the 1940s. The method name refers to Monte Carlo Casino in Monaco 

where Ulams’ uncle liked to gamble and represents randomness employed in the 

method and in the Monte Carlo casinos as it is explained in the article The Beginning 

of the Monte Carlo Method by Metropolis (1987). 

Random numbers are frequently used nowadays in a data encryption, for 

instance, in Bitcoin transactions, credit card payments, TOR and I2P browsing, apart 

from that, many internet services employ random number generation for a protection 

of personal data. Randomness is also a key element to all kinds of games, which adds 

interesting in-game events and interactions, thus more entertainment. Monte Carlo 

methods are widely used in science, business, mathematics, logistics and many other 

spheres. These methods allows creating highly reliable algorithms for predicting 

stochastic processes (that have random elements in them) for example, particles 

motion, busy seaport logistics, or data transition through the Internet, and many others. 

The Monte Carlo approach is also useful to get numerical solutions to complicated 

problems that could not be solved analytically. 
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As Shonkwiler and Mendivil (2009) mention the method that would later be 

called Monte Carlo method was first used by Georges-Louis Leclerc, Comte de Buffon 

in the 1777 as a solution to the problem, which he proposed even earlier, in 1733. His 

experiment originally involved dropping a needle on a flat ruled surface and 

determining the probability of the needle crossing one of the lines. Which is also 

directly related to estimating π-value using random events. Let us reconstruct this 

needle problem as an introduction to the Monte Carlo methods as described in the 

aforementioned book. 

Buffon Needle Problem 

Consider a needle of length L thrown randomly onto a flat surface ruled by 

parallel lines each a distance d apart. Hn is a random variable representing the number 

of times the needle touches or crosses a line in n throws, the number of hits. 

 

Fig. 1.1. Buffon needle problem scheme 

In the Figure 1.1 X denotes the distance between center of the needle and the 

nearest line and  – the acute angle between the needle and the line. In this situation 

0 ≤ X ≤ d/2 and 0 ≤  ≤ π/2. The needle touches or crosses a line if and only if this 

condition is satisfied: 

X ≤ 
L

2
sin θ . 

If represented graphically, probability of needle hitting the line is equal to the 

area under the curve y = 
L

2
sin θ. So, if d ≥ L, then following is correct: 

Pr(Hit) = 
area under the curve

area of (0, 
π
2

) × (0, 
d
2

)
 = 

∫
L
2

sin θ
π
2

0
dθ

d
2

 ⋅ 
π
2

 =  
2L

πd
. 
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Fig. 1.2. Buffon needle “dartboard” 

If, for simplicity, we would assume that distance between lines equals doubled 

needle length d = 2L, then probability of hit is 1/π. 

In the actual experiment the value of π is unknown in advance and its estimate 

could be obtained from the experiment itself. Therefore, Buffon first found a way to 

assess the well-known π-value by using random events. However, the drawback of this 

“innovative” method is that it requires a huge number of these random events to 

achieve even modest accuracy. In fact, the more experiments are conducted the less 

accuracy increases, to be precise it increases in proportion 1/n, where n is number if 

needle tosses. Practice showed that far more than 500 experiments should be conducted 

to get viable assessment. 

Originally, the simulation have been done manually, using mechanical 

calculators. With a development of technologies, doing simulations became easier. 

John von Neumann, who have been strongly connected with a development of digital 

computer, realized that this technology could be used instead of manual labour. 

Therefore, he developed the first random number generator, the “middle-square” 

generator, which have been used to solve neutron flux problem, as we stated earlier. 

We would overview modern types of random numbers generators in the Section 1.3 of 

this book. 

To illustrate how programming could be used to generate random numbers and 

to solve mathematical problems with it we are presenting several program codes for 

the MATLAB (or Octave) with results of running them. Every code has comments 
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after % sign. For further information on commands, symbols, and functions used in the 

codes refer to the MATLAB or Octave help files. First, let us present and comment the 

code for the Buffon needle simulation and showing histogram of the results. 

Code 1.1. Buffon Needle Simulation + histogram representation (executable in MATLAB/Octave) 

throws = 100; % 100 trails 

repl = 3000; % 3000 replications 

for i = 1:repl; % loop for replications  

x = rand(1,throws); % a vector of 10000 pseudorandom numbers in the range [0,1) 

theta = 0.5*pi*rand(1,throws); % 10000 random numbers between 0 and π/2 

hits = x <= 0.5*sin(theta); % vector of hits 0 = miss 1 = hit 

y(i) = sum(hits)/throws; % random variable in the numerator 

end; 

hist(y) % histogram 

recipEst = sum(y)/repl % Estimation for 1/π 

vVec = (y-recipEst)*(y-recipEst); % vector of sqr deviations 

v = sum(vVec)/(repl-1); % sample variance 

stddev = sqrt(v) % sample standard deviation 

piEst = 1/recipEst % result of π 

 

Fig. 1.3. Buffon needle histogram for 1/π 

The script above (see Code 1) returns single-number estimation of π based on 

3000 replications with 100 trails and assuming that distance between lines equals 

doubled needle length d = 2L. It also returns a standard deviation of the result and a 

histogram for 1/π (it is essentially a probability of “hit” with chosen parameters), which 

is presented in the Figure 1.3. The program generates two random numbers for 

computational purposes, one to play the role of X, 0 ≤ X < d/2, and the other of , 

0 ≤  < π/2. Next it calculates whether X ≤ 
L

2
sin and record a hit if so, than it 

estimates π. Using replications as “super-experiments” allows building a histogram 

with the data computed. 
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The average of the 3000 super experiments approximates the mean of the 

distribution and is likewise an approximation of 1/π. For the run shown in Figure 1.3 

the average is p = 0.3183. Histogram is considered a very useful representation of the 

results of the MC experiment. Moreover, analyzing it allows understanding them 

better. The definition provided by Shonkwiler and Mendivil (2009) states that 

histogram is a bar chat that shows how many values fall into established intervals of 

this values. Depending on the number of values laying within a certain interval, height 

of the bar of this interval is defined. Essentially, it is called frequency histogram. 

Dividing frequencies by the total number of values allows estimating relative 

frequencies. If we use these relative frequencies for a histogram, we would build a 

density histogram, which depicts probabilistic distribution of experiments values. 

After running the script we received following estimates 1/π = 0.3183, 

π = 3.1410, and a standard deviation s = 0.0460. One important property if the normal 

distribution is that a sample taken from it falls between two standard deviations on 

either side of the mean with a probability of 0.954. If a number of samples were 

increased than the interval would shrink respectively, in our run with 3000 samples it 

would be 
2 ∙ 0.0460 

√3000
 = 0.0016 on either side of the mean. Therefore, in our case any 

sample taken would be inside (0.3151; 0.3215) interval with a 95 % probability. We 

also could say that π itself with 95 % probability lies within an interval 

1/0.3215 < π < 1/0.3151. In our example, π falls between 3.1104 and 3.1735. 

Second way of presenting the results of the experiment is plotting its sample 

path, which is pair of values – number of the trail and its result. As an illustration, 

consider a gambling experiment with a gambler and a house. The gambler makes 1$ 

bets against the house with even winning chances. The gambler starts with 100$, while 

the house starts with bigger amount of money, for simplicity let us take 2000$ and they 

play until one of them is bankrupt. The Code 2 simulates this experiment. In this 

experiment we could find answers for two questions: 

 Can house go bankrupt? 

 How long the play will last until one of the players is bankrupt? 
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Code 1.2. Experiment with a gambler and a house (executable in MATLAB/Octave) 

R = zeros(1,2000000); i = 1; R(i) = 100; % vector of 2,000,000 zeros 

while( R(i) > 0 & R(i) < 2100 ) 

i = i+1; 

W = (rand < 0.5); % random value of 0 or 1 

W = 2*W - 1; % random value of +/-1 

R(i) = R(i-1)+W; % gamblers new fortune 

end 

subplot(1,2,1); plot(1:i+1,R(1:i+1)) % plot R against its index 

%%% run for investigating playing time 

for j = 1:20 % cycle of trials 

i = 1; R(i) = 100; 

while( R(i) > 0 & R(i) < 2100 ) 

i = i+1; 

W = 2*(rand < 0.5)-1; 

R(i) = R(i-1)+W; 

end 

T(j) = i; % result of playing time computation 

end 

subplot(1,2,2); hist(T) % returns histogram of the results 

 

Fig. 1.4. a. Sample path of a gambler’s ruin experiment (fortune vs. gambles). b. Histogram of the 

number of plays until bankruptcy in 20 trials (gambles until bankruptcy) 

Again, in this code we employ the built-in random number generator, which 

returns numbers in the range [0, 1). Following the example given in in Shonkwiler and 

Mendivil (2009) we assume that the gambler wins if the generated random number is 

less than 0.5, in all other cases he loses. 

Figure 1.4a represents sample path of the experiment for the first trial built by 

the MATLAB tools. As we can see player goes bankrupt in less than 8000 bets in this 

run. Performing several more runs of the first part of the script shows the situation 

when house goes bankrupt is highly unlikely. Figure 1.4b represents result of the 

second part of the code that returns histogram of the playing time based on 20 further 

runs. It should be mentioned that there is no upper bound to the playing time length, as 
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can be seen from the histogram a run can take a very long time, in our run it is 1400000 

plays. 

As we discussed basics of Monte Carlo methods, we also need to overview two 

important concepts to fully understand how Monte Carlo methods could be employed: 

probability of a random event and generation of random numbers. 

1.2. Probability review 

Understanding the concept of the probability is very important part of 

understanding Monte Carlo methods. This section of the book overviews what is 

probability and how random variables could be employed in estimations. 

Consider an experiment with an event Ε that has a set of all possible outcomes 

Ω. For example, in the experiment with tossing a coin two times there are four 

outcomes in total. On each toss, coin could land either heads (H) or tails (T) up, 

therefore Ω = {(H, H); (H, T); (T, H); (T, T)}. In this experiment as a random variable 

X, we could use a number of ‘heads’ outcomes in a trial of the experiments, therefore 

X can be 0, 1, or 2. As all outcomes are equally likely, their probabilities Pr(X) are 

essentially just counting successful outcomes for the corresponding event. 

Pr(X = 0) = 1/4, because only outcome suitable is (T, T), Pr(X = 1) = 1/2 because (H, 

T) and (T, H) contain one ‘heads’ outcome, Pr(X = 2) = 1/4, because only outcome 

suitable is (H, H). 

Let us divide outcomes of E in two sets 𝐄𝟏 and 𝐄𝟐 that satisfy two important 

conditions: E = E1 ∪ E2 and E1 ∩ E2 = ∅, in other words, these two sets are disjoint. 

Therefore for two events in general: 

Pr(E1∪E2) = Pr(E1) + Pr(E2) – Pr(E1∩E2). 

The subtraction is important to avoid counting twice the values that appear in 

the both sets. For two disjoint events this formula transforms to: 

Pr(E1 ∪ E2) = Pr(E1) + Pr(E2) if E1 ∩ E2 = ∅ 

Discrete and Continuous Random Variables 

Following the classification of Shonkwiler and Mendivil (2009) all random 

variables could be divided into two basic groups: discrete or continuous. Discrete 
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random variables are ones that have finitely many or countably infinitely many 

outcomes (one at a time, obviously). 

The coin-tossing experiment above, for example, had four outcomes, therefore 

the random variable for the number of ‘heads’ there falls into the group of discrete 

random variables. An example of countably infinite number of outcomes is an 

experiment where coin is tossed until it lands heads up for the first time. In principle, 

it could take any number of coin tosses for this to happen, so one cannot evaluate 

random variable finitely, but it is still discrete. 

There are many continuous processes, they include such phenomena as passage 

of time, movement, distance and many others. Obviously, measurements of such 

variables are limited to finite estimates, nonetheless they are taken as an example of 

continuous random variables. Formally, continuous random variables are variables for 

that Pr(X = x) = 0 where x is a real value. 

Another important probability concept is the cumulative distribution function, 

which describes probability of random variable X with some certain probability 

distribution will be not greater than x. It is presented in following mathematical form: 

cdf(x) = Pr(X ≤ x) . 

To illustrate what cumulative distribution function is, let us get back to the 

double coin-tossing experiment and the random variable X we used above. There are 

several possible values of x (see Figure 1.5). 

1. If x < 0 then cdf(x) = 0 since there are no outcomes for which X < 0. 

2. At x = 0 the cdf jumps up to 1/4, since Pr(X = 0) = 1/4. 

3. If 𝟎 <  𝐱 <  𝟏 the cdf is unchanged and so remains at the value 1/4 over 

this interval. 

4. At x = 1 the cdf raises again, this time by 1/2. At this point cdf(1) = 3/4, 

since the event X ≤ 1 consists of the several outcomes: {(T, T ); (H, T ); 

(T, H)}. 

5. While 1 < x < 2 the cdf does not change and has the fixed value of ¾ as 

in the previous step. 
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6. Finally, at x = 2 the cdf grows by 1/4 up to 1 and remains there, since all 

possible outcomes are now included. 

 

Fig. 1.5. Cdf for the number of heads (x vs. cdf) (Source: Shonkwiler and Mendivil, 2009) 

In general, x tending to minus infinity means that more and more outcomes of 

the experiment are omitted and cdf must tend to 0. 

lim
x→–∞

cdf(x) = 0 

On the other hand if x tends to plus infinity, than more and more outcomes are 

included and cdf tends to 1. 

lim
x→∞

cdf(x) = 1 

So it is also true that cdf increases or at least stays the same as x increases, 

because more and more outcomes satisfy the condition of X ≤ x. In other words, 

cdf(x1) ≤ cdf(x2) is true when x1 ≤ x2. If a random variable is discrete, its cdf will jump 

at certain discrete points corresponding to the values of x for which one or more 

outcomes satisfy X = x. Otherwise cdf stays constant. As an illustration, Figure 1.6 

shows cdf for rolling a pair of dice. Obviously, the same would not be true for 

continuous random variables, where cdf is a smooth line. 

As we see, random variables and probability have their own distinctive features 

that are important for using them in computational purposes. However, before using, 

random variables need to be obtained or generated somehow. The next section looks 

into this. 
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Fig. 1.6. Cdf for rolling a pair of dice. (x vs. cdf) (Source: Shonkwiler and Mendivil, 2009) 

1.3. Random Number Generation 

In this section the concept of the random number generation is overviewed. 

There are two main methods of generating random numbers. First method relies on the 

measurements of certain physical phenomenon, that is thought to be random, for 

example thermal noise, atmospheric noise, or any quantum phenomena. In purest 

sense, only this method could give “truly” random numbers. This method is really hard 

to implement practically, since it is rather slow and requires special equipment, bias 

correction Second method relies on using certain computational algorithms. It is 

mentioned in Shonkwiler and Mendivil (2009) that since computers and these 

algorithms are deterministic, numbers received through this method are not “truly” 

random. Hypothetically, if initial data and the algorithm are known, then the number 

could be computed with certain ease. However, these numbers are generally appear to 

be random and must pass tests to ensure their randomness. Random numbers generated 

with this method are called “pseudorandom”. This book focuses on the second method, 

since it is easier to implement and easier to use it for Monte Carlo simulations. 

There are several main requirements for a random number generator (RNG). For 

example these five are listed in the book Explorations in Monte Carlo Methods: 

1. Fast speed. Programs that employ random number generators usually 

require millions of random numbers in short time. So generator should be 

able to compute random numbers fast. 
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2. Repeatability. This requirement is needed for debugging purposes. If 

algorithm cannot be repeated than it is impossible to improve or correct 

it. 

3. Analyzable. To ensure the distributional properties of the values received 

results of the generation must be possible to analyze. 

4. Long period. Eventually, all algorithmic RNGs repeat themselves after the 

certain point of generation, so the longer is the period before this point – 

the better. 

5. Apparent randomness. As it was mentioned earlier algorithms does not 

allow generating truly random numbers, so at least these numbers should 

appear random to the intended sphere of usage. 

At first, it seems that to generate a random number one just needs to use a 

complicated algorithm with many steps and transformations. This is not true. The work 

Seminumerical Algorithms by Donald Knuth gives perfect explanation why is it so. 

Author describes his early attempt in constructing a random number generator. It was 

a complicated 13-step algorithm that acts on 10-digit decimal numbers changing the 

current number X into a new number in the sequence via changing it in the 

“randomized” way. 

In the first run this algorithm almost instantly converged to the value 

6065038420 (which converged to itself). He decided to run it one more time with a 

different starting value, and it converged to the cycle with length 3178. This example 

clearly demonstrates that complexity could not substitute randomness and seemingly 

complex algorithm may have simple behavior. 

Common form of the random number generator would be 

Output = f(varibles, parameters) 

For some function f. For each request program executes the algorithm to 

calculate this function using variables and parameters to produce certain sample of 

“random” process. Parameters of the functions are fixed values, while variables change 

from sample to sample. Variables could be any external values, like time, or internal 
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values that change every iteration. These internally stored variables could also be called 

seeds. Generator could have one such value or several of them. Let us first look into 

single seed generators. 

Generators with one stored value 

If seeds values have been taken from some external process at any time during 

the execution of generating algorithm, then it would be impossible to generate the exact 

same samples once again, thou it is impossible to debug program in this case. It is also 

would be hard to ensure distributional properties. Therefore, usually the seed values 

are internally generated by the RNG itself, except for the first one, which, for example, 

could be taken from the computer clock and saved for debugging purposes. 

After initial seeding all other seeds are computed from the function f itself, 

simultaneously calculating output samples. The process could be simplified if output 

sample is used as the next seed. Doing this would not cause any biased results, since 

algorithm adjusts samples anyways. 

As it was mentioned before, sequences of outputs in any random number 

generator tend to repeat itself after some point. In this situation it happens after one 

seed repeats, then a generator will repeat or cycle. With a single-seed RNG period of 

unique output sequence is no longer than a number of different possible seeds. 

Considering everything mentioned above, random number generator is generally 

similar to the book with a long list of numbers, initial variable selects a starting point 

for reading the numbers and after that order of numbers follows predetermined order. 

If different seed is used then it starts reading from a different place. If the same seed is 

used then sequence of outputs is the same. When algorithm reaches the end of the list 

it starts from a random place of the list. 

This type of generators is fast and relatively easy to check for bugs, but on the 

other hand, period of this type of random number generators is rather limited. 

Fortunately, other types do not have this drawback. 

Middle-Square and Other Middle-Digit Techniques 

This type of random number generators is based on the idea that after first several 

digits in the calculation of most mathematical functions, like sin() or log(), following 
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digits are then virtually random. Von Neumann while working in Los Alamos has first 

used this type of RNG, he initially used x2 as a key function and then assumed, that 

middle digits of the variable are “random”, which gave the name for the type. This 

choice of function was determined by the fact that sin() or log() are relatively time-

consuming to compute even with modern technologies as it is stated by Shonkwiler 

and Mendivil (2009). Code 3 demonstrates this. 

Code 1.3. Comparison of middle-digit RNG and built-in RNG (executable in MATLAB/Octave) 

x = 0.5; 

tic 

for i = 1:1000000 

x = 100000*sin(x); 

w = floor(x); % take first 5 digits 

x = x-w; % digits after the 5th 

end 

toc % 0.0369 Computing sin(.) is more time-consuming 

% compare with Matlab’s built-in generator 

tic 

x = rand(1,1000000); 

toc % 0.0139 

Obviously, exact values of the execution time of the script could vary depending 

on computational power of machine used, but built-in RNG is always from three to 

thirty times faster than the middle-square technique, while both return similar 

pseudorandom results. 

The main drawback of this technique is short period and rapid cycling for most 

initial variables. Apart from that, as shown above, middle-digit generators are slow for 

many programs. Therefore, this technique had limited practical usage. This stimulated 

search for more suitable random number generators. 

Linear Congruential Random Number Generators 

The linear congruential random number generators are one of the most widely 

used generators nowadays, while they depend on simple recurrence to compute 

following outcome in the sequence from the previous one. For example, many software 

systems use linear congruential random number generator (Mersenne Twister, to be 

precise) as its default RNG, such as MATLAB, R, Python, PHP, Ruby and many 

others, which is usually presented in their documentation. 

The name of the generator comes from modular arithmetic, where a could be 

called congruent to b modulo m if m | (a − b). Formally defined, the linear congruential 
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random number generator (LCRNG) is function f depending on three fixed parameters 

a, c, m: 

f(x) = (ax + c) mod m, where x is an integer. 

Let us look into how this random number generator works in practice. For 

example, take a = 5, c = 1, m = 8 and use x = 0 as a seed. As we use it, output will be 

(5 ⋅ 0  + 1)mod = 1, then 1 becomes next seed. If we compute the function repeatedly, 

we would receive the following sequence of samples before output begins to cycle: 

R = (0, 1, 6, 7, 4, 5, 2, 3, 0). 

Definitely, this output could not be called random by any means, since it is 

generated by simple formula, but with different values of m and a results could be 

much more random-like. As it is seen, the output the period length (number of different 

return values) in this generator is equal to the value of m, therefore in any real generator 

m is taken as large as possible, for example Mersenne Twister, that was mentioned 

before, has period length of 219937 – 1 which allows more than 106000 unique outputs 

until it becomes repetitive as stated in the original paper by Matsumoto and Nishimura 

(1998). For the reasons of optimization m could be taken as 2k where k equals the word 

length (number of operations CPU can process in one go, usually 32 or 64 for modern 

devices) of the computer. Shonkwiler and Mendivil (2009) explain that it is because 

the modulo operation would take no extra time and happen automatically, since there 

is no room for the higher-order bits. In this case, LCRNG would need only addition 

and multiplication to get one result, which is fast and saves computational power. For 

floating point numbers division is also required. 

If c = 0 then the addition operation is also avoided, and the sample sequence 

represented by the following equation: 

xn+1 = axn mod m. 

In this case, maximal period cannot equal m, since xn = 0 turns all subsequent 

values into 0 also. The period m – 1 still could be achieved in the situation when m is 

a prime number, however the modulo operation would no longer be automatic, while 

m is not a power of 2. 
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In general, if c = 0, m is not prime, and if xn is a multiple of a certain divisor d 

of m then all subsequent values of x will also be multiples of d. We will have xn = pd 

for some integer p, and since d divides m, then m = qd for some integer q. So 

xn+1 = axn mod m = apd mod m means xn+1 – apd = rm for some integer r. But then 

xn+1 = (ap + rq)d. Therefore when c = 0, the x’s should ideally run through all the 

integers relatively prime to m, if a is chosen correctly. Note that, if c = 0 and 1 is in the 

sequence, then it would consist of consequent powers of a. 

As it was mentioned earlier many built-in PRNGs are linear congruential. 

However, now more and more software packages adopt better generators that are now 

available. 

Linear Congruential Random Number Generators have several problems that 

should be mentioned. First, the period is limited to m at most. Further on, if samples 

truly random the repeats were possible, but for LCRNG it is not possible. Also 

analyzing the sequences allows making certain predictions about next output values, 

what is highly undesirable for a good random number generator. The main problem of 

LCRNGs is their simplicity. To avoid that multivariate generators of the congruential 

type and generators using a different mathematical basis potentially could be used. 

1.4. Several Applications of Monte Carlo Method 

As it was mentioned earlier, Monte Carlo methods could be used in many 

spheres of mathematics, science, technology, and entertainment. This section 

overviews several possible applications of Monte Carlo methods for solving 

mathematical or statistical problems. 

Hit-or-miss 

One of the earliest uses of Monte Carlo method is evaluation of the integrals, 

since some of them could be hard to solve in “traditional” manner. To solve it hit-or-

miss logics could be employed; by doing a number of “throws” we could determine the 

desired area, the same logics are used in the Buffons Needle Simulation. 

First, let us consider general situation. Let θ = ∫ f(x)dx
b

a
, which is the area under 

the function f between x = a and x = b, assuming that f(x) ≥ 0 on the interval [a, b]. 
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Let M ≥ max
a ≤ x ≤ b

f(x); then target area lies within the rectangle [a, b] × [0, M]. If we 

start selecting points within this rectangle at random the probability of the point falling 

into target area is equal to ratio of that area to the area of the rectangle, which is 
θ

M(b – a)
. 

Considering n to be the number of throws and h – number of hits, the following is 

correct: 

h

n
 ≈ 

θ

M(b – a)
 

or 

θ ≈ (
h

n
) M(b – a). 

So since dimensions of the rectangle, n, and h are known, target area could be 

easily calculated by simple operations, even thou target function may be complicated. 

Monte Carlo methods are highly effective for solving integrals in the multiple 

integration over complicated regions in high-dimensional space essentially with the 

same logics. The target region is “enclosed” within certain easy-to-calculate area or 

space, and then points inside it are selected randomly to see if they hit the target region. 

The hit-“throw” ratio would be an evaluation of desired volume. To illustrate that let 

us estimate π value once again using the tools of the MATLAB. 

Following the procedure proposed by Shonkwiler and Mendivil (2009) we take 

the curve forming is the first-quadrant portion of a unit circle y = √1 – x2, 0 ≤ x ≤ 1. 

Therefore, the target area would be π/4 that is contained in the square [0, 1] × [0, 1], 

which has area equal to 1. Following hit-or-miss logics, an estimate of π is the 

following: 

π ≈ 4
h

n
. 

Let us present the MATLAB code that allows performing this simulation and 

evaluating how estimate of π converges with more trails of simulation conducted. 

First part of the code returns two values – number of hits and estimation of π. In 

this run they were 7815 and 3.1260 respectively, which is rather accurate even for such 
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relatively small amount of trials. Obviously, increasing number of “tries” would have 

positive effect on the estimate. Let us demonstrate that. 

The second part allows seeing how the estimated value of π improves as number 

of trials increases. In total 20 cycles with 1048576 trials have been made. At first 5 

cycles π value estimation is completely inaccurate and vary a lot, but after seventh 

cycle all values are close to 3.1 at the last cycles converging around 3.14, which is 

rather accurate (see Figure 1.7), with that absolute error decays in each new cycle at a 

rate approximately 1/√n. 

Code 1.4. Estimation of π (executable in MATLAB/Octave) 

nTrials = 10000; 

x = rand(1,nTrials); % generating x-coordinate 

y = rand(1,nTrials); % generating y-coordinate 

hits = sum(x.^2 + y.^2 < 1) % 7815 hits 

piEst = 4*hits/nTrials % 3.1260 

% pause 

nPower = 20;% used to define the period of RNG 

for i = 1:nPower % 2^20=1048576 

x = rand(1,2^i); 

y = rand(1,2^i); 

piEst(i) = 4*sum(x.^2 + y.^2 < 1)/2^i 

end 

plot(piEst) % returns plot of estimated π convergence  

 

Fig. 1.7. Convergence of estimate of π (Estimated π vs Number of Trials) 

As we can see, Monte Carlo methods is rather effective in this situation and does 

not require solving computing of the integrals. 

Coupon Collecting 

Another viable example is a situation of coupon collecting. Many retail 

companies use promotion campaigns where buyers have to collect all coupons with a 

letters of a certain word, while each letter is provided with the product. After collecting 
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all letters they receive some kind of reward. Therefore, using Monte Carlo methods it 

is possible to find how many purchases one should make to collect the word. 

Let us say customer have to collect the word MONTECARLO, which has 10 

letters. To make the example simpler we would assume that all letters have equal 

chances to be acquired (which is usually not true for the real campaigns, where one or 

two letters are made to be extremely rare). To calculate the number of purchases we 

have to check if every purchase has the letter needed. The following MATLAB 

program could compute that and return the histogram of the results (see Figure 1.8). 

Code 1.5. Solution to Coupon Collecting problem 
nLetters = 10; % MONTECARLO 

nTrials = 10000; 

for i = 1:nTrials 

success = 0; 

nTries(i) = 0; 

for j = 1:nLetters 

MONTECARLO(j) = 0; % reset letter not achieved 

end 

while success == 0 

nTries(i) = nTries(i)+1; % inc. count 

buy = 1+floor(nLetters*rand); % letter obtained 

MONTECARLO(buy) = 1; 

if sum(MONTECARLO) == nLetters % all letters obtained 

success = 1; 

end 

end 

end 

hist(nTries) 

 

Fig. 1.8. Histogram of number of tries needed to get all coupons 

The results show that even though all letters occur equally frequent it usually 

takes more than 20 purchases or could even take more than 100 purchases. It is 

interesting that graph peaks at (20; 30) bin, decreasing exponentially after the peak. 
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This problem could be solved analytically, but in this case, probability 

estimation could suggest the way of “traditional” solution. Which is also a good reason 

to use Monte Carlo method sometimes. 

Exercises  

1. Perform a large number of trials of Buffon’s needle problem and estimate 

the value of π. Plot the error as a function of the number of trials. 

2. Perform 2000000 trials of Buffon’s needle problem for 1/π: (a) by 

partitioning the trials into 10000 ‘super experiments’ of 200 trials each; 

(b) by partitioning the trials into 1000 ’super experiments’ of 2000 trials 

each; (c) by partitioning the trials into 100 ’super experiments’ of 20000 

trials each. Compare and comment the results. 

3. Simulate 1000 rolls of a pair of dice and histogram the results as (a) the 

sum of the dice and (b) the individual pairs, e.g. (1, 1) and (1, 2) and … 

through (6, 6). (c) Do the part (a) for the roll of 6 dice; histogram 4000 

rolls. 

4. Modify the gambler’s ruin problem with various number of restarts. How 

does this change the average duration of the game? How does this bias the 

sample variance? 

5. Make up an LCRNG using m = 216; sample it 100 times and find the 

length of the runs-up and the runs-down. For example, in the sequence 1, 

6, 31, 156, 781, 3906, 847, 12, 67, 319, 1582 the first six numbers form a 

run-up, then comes a three-term run-down followed by a four-term run-

up. Hence, the runs-up total 10 in length and the runs-down total 3 in 

length. What should one expect from truly random numbers?  
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PART 2: DATA SAMPLING 

In statistics, generally, data sampling is an analysis used to select and manipulate 

representative data set in order to find patterns and trends in it. Sampling allows 

researchers to work with a manageable amount of data, thus building and running 

models more quickly. Nowadays, as we mentioned before, researchers use more and 

more probabilistic models, since problems are often are complicated for “traditional” 

analytic approaches. Moreover, probabilistic models allow researchers to abandon 

unrealistic assumptions of normality and independence that are essential for the 

analytical methods. 

Monte Carlo methods sampling is used to make predictions about models’ 

behavior under defined set of circumstances or, for instance, finding appropriate values 

for the parameters of the model with a given set of experimental data. Common 

algorithm here is to divide sampling of the complex distributions problem into several 

sub problems that are simpler. This part of the book overviews two types of sampling 

for different types of distributions: inverse transformation and rejection sampling. Both 

these are good for the situations with single-valued outcomes; however, there are more 

complicated approaches (e.g. Markov chain Monte Carlo approach) that could be used 

with multivariate distributions. 

2.1. Sampling from standard distributions 

There several types of distributions, which are so widely used, that they are 

considered standard and usually supported in the popular software environments. 

MATLAB and Octave support many types of probability distributions, therefore it is 

easy to calculate such useful values like the probability density, cumulative density, 

and to sample random values from these distributions. Full list of supported 

distributions could be found in the MATLAB documentation on the ‘Supported 

Distributions’ page, but the most popular of them are presented in the Table 2.1. As 

one can see, MATLAB could simulate such popular distributions as normal, 

exponential, Poisson. The table also presents commands for probability density 
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function, cumulative distribution function, and random number generation that could 

be found in MATLAB documentation. 

Table 2.1 

Examples of Matlab functions for different types of distributions 

Distribution PDF CDF RNG 

Normal normpdf normcdf norm 

Uniform (continuous) unifpdf unifcdf unifrnd 

Beta betapdf betacdf betarnd 

Exponential exppdf expcdf exprnd 

Uniform (discrete) unidpdf unidcdf unidrnd 

Binomial binopdf binocdf binornd 

Multinomial mnpdf - mnrnd 

Poisson poisspdf poisscdf poissrnd 

To illustrate how these functions could be used let us visualize normal 

distribution where µ = 100 and σ = 15, which could for example represent IQ 

coefficient variation in a certain population. Code 2.1 shows how probability density 

and cumulative density could be displayed along with histogramming the distribution. 

As, we mentioned earlier, PDF and CDF are widely used for analyzing probability. The 

output is shown in the Figure 2.1. 

Code 2.1. PDF, CDF, and Histogram for normal distribution (executable in MATLAB/Octave) 

mu = 100; % the mean 

sigma = 15; % the standard deviation 

xmin = 70; % minimum x value for pdf and cdf plot 

xmax = 130; % maximum x value for pdf and cdf plot 

n = 100; % number of points on pdf and cdf plot 

k = 10000; % number of random draws for histogram 

x = linspace( xmin , xmax , n ); % set of values ranging from xmin to xmax 

p = normpdf( x , mu , sigma ); % calculate the pdf 

c = normcdf( x , mu , sigma ); % calculate the cdf 

subplot( 1,3,1 ); 

plot( x , p); 

xlabel( 'x' ); ylabel( 'pdf' ); 

title( 'Probability Density Function' ); 

% pause 

subplot( 1,3,2 ); 

plot( x , c ); 

xlabel( 'x' ); ylabel( 'cdf' ); 

title( 'Cumulative Density Function' ); 

% draw k random numbers from a N( mu , sigma ) distribution 

y = normrnd( mu , sigma , k , 1 ); 

% pause 

subplot( 1,3,3 ); 

hist( y , 20 ); 

xlabel( 'x' ); ylabel( 'frequency' ); 

title( 'Histogram of random values' ); 
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Fig. 2.1. Normal distribution with µ = 100 and σ = 15 

Similarly, Figure 2.2 demonstrates in bar graphs density functions and histogram 

for the binominal distribution, which is common in the situations where researcher 

counts number of successes from the number of total trials. We overviewed several 

situations like this in the previous part of the book. The following figure describes a 

situation when there are 10 trials with 0.7 probability of success. 

 

Fig. 2.2: Binomial distribution with N = 10 and θ = 0.7 

So, as we showed, MATLAB/Octave provides with a range of instruments for 

analysing standard distributions, which allows to easily employ them in applied 

research in different areas of science. 

2.2. Sampling from non-standard distributions 

In modelling situations, there is a frequent need to use non-standard 

distributions, while researchers could propose new processes, thus new types of 

distributions. They could be completely new or could consist from the several standard 

distributions, but in any way they are not supported by MATLAB. In this case, 

computational problems often rely on sampling already known distributions. The 

random values taken from these distributions are then transformed of compared to the 
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target distribution. Some of such techniques are even used by MATLAB to sample 

from some standard distributions, such as normal or exponential. 

Inverse transform sampling with discrete variables 

Inverse transform method is a sampling method for generating random numbers 

from any probability distribution that relies on inverse of its cumulative distribution 

function. It samples uniformly distributed random numbers between 0 and 1 and 

transforms them using the inverse cumulative distribution function. This method 

should be considered rather simple and almost universal, since the sampling is based 

on transformed uniform deviates. For example, MATLAB implements some of its 

random number generators through this procedure as Steyvers (2011) states. 

Let us give an example of using this approach. The simplest way to illustrate this 

approach is using a discrete distribution where probability of each individual outcome 

is known. In this case, inverse transform sampling appears as a simple table lookup. 

We use data on how well humans can produce uniform random numbers (e.g. Treisman 

and Faulkner, 1987). In these series of experiments people were asked to produce a 

large amount of random digits and researchers counted frequency of each random digit. 

Obviously, humans do not always produce universal distributions. Table 2.2 shows 

some results from one subject of these experiments. X represents the generated digit; 

Pr(X) and Cdf(X) represent probability mass and cumulative probabilities 

respectively. 

Table 2.2 

Probability of digits observed in human random digit generation experiment 

X Pr(X) Cdf(x) 

(X) 0 0.000 0.000 
1 0.100 0.100 

2 0.090 0.190 

3 0.095 0.285 

4 0.200 0.485 

5 0.175 0.660 

6 0.190 0.850 

7 0.050 0.900 

8 0.100 1.000 

9 0.000 1.000 

As Table 2.2 states, digits 0 and 9 have not been generated at all, some digits 

were rather frequent (e.g. 4 and 6), and some are underrepresented. This clearly 
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illustrates that human brain is not well suited for producing uniformly distributed 

random numbers. 

Let us demonstrate the algorithm that could mimic this process, producing digits 

with a same probabilities shown in the Table 2.2. Therefore program would produce 0 

with 0 probability, 1 with 0.1 probability, 2 with 0.09 probability, and so on. The Code 

2.2 below shows how it could be done and presented (see Figure 2.3) using standard 

functions of MATLAB. 

Code 2.2. Simulating sampling of random digits. 

clear all; clc; 
theta = [0.000;0.100;0.090;0.095;0.200;0.175;0.190;0.050;0.100;0.000 ] 
K = 10000; y = rand(1,K); % K random values 
Digitset = 0:9; 
for i = 1:10 

Theta(i) = sum(theta(1:i)); % Create cdf 
end 
for i = 1:9 

Y(i) = sum(y > Theta(i) & y <= Theta(i+1)) 
end 
counts = bar(Y); % Histogram of the simulated draws 
xlim( [ -0.5 9.5 ] ); xlabel( 'Digit' ); ylabel( 'Frequency' ); 
title( 'Distribution of simulated draws of human digit generator' ); 

 

Fig. 2.3. Histogram of the generated results 

Histogram obviously states that this program could simulate this exact 

distributions. But let us look into how implement this algorithm, without using built-in 

functions, but using the inverse transform method instead. First, cumulative probability 

distribution should be calculated to know how the observed probability of an outcome 

is equal to or smaller than some particular value. Therefore, we need to calculate 

cdf(X = x) = Pr(X ≤ x). 
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For discrete distributions, this can be done using simple summation. Result of 

this operation are shown in the last column of the Table 2.2. Using reverse transform 

algorithm we need to sample uniform random deviates and compare each random value 

against cumulative probabilities in the table. The first outcome for which the random 

deviate is smaller than (or is equal to) the associated cumulative probability 

corresponds to the sampled outcome. For example, a uniform random deviate of 

U = 0.8 leads to a sampled outcome X = 6. This algorithm of repeatedly sampling 

uniform deviates and comparing them to the cumulative distribution allows to form the 

basis for the inverse transform method for discrete variables. Note that an inverse 

function is applied in this situation, since an inverse table lookup is conducted. 

Inverse transform sampling with continuous variables 

As it was mentioned earlier, distributions could also be continuous and inverse 

transform sampling fortunately could be applied to this type of distributions. Generally, 

the idea is similar to the situation of discreet variables. One needs to draw uniform 

random deviates and apply the inverse function of the cumulative distribution applied 

to the random deviate. Let cdf(X) represent the cumulative density function of the 

target variable X and cdf
–1

(X) the inverse of the function, assuming this inverse could 

be calculated. This could be done through repeatedly drawing random variable U from 

the uniform distribution between 0 and 1, and then setting X = cdf
–1

(U). 

We are going to use the following example as an illustration. Suppose we need 

to sample random numbers from the exponential distribution. For λ > 0, the cdf would 

be cdf(x|λ) = 1 – exp(–
x

λ
). The inverse of this function would be 

cdf
 – 1(u|λ) = –log(1 – u)λ. Therefore we use following sample algorithm: 

1. Draw U ~ Uniform(0, 1). 

2. Set X = –log(1 – u)λ. 

3. Repeat. 

As one could see, the process is almost the same as for discreet distribution, 

which was overviewed in detail previously. Another important point is that 

aforementioned algorithm could be applied to the various situations. 



 

 

31 
 

Rejection sampling 

The downside of the inverse transform method is that it could not be used in 

every situation, because inverse function is not always possible to calculate. As an 

alternative, rejection sampling (also called accept-reject algorithm) or Markov chain 

Monte Carlo approaches could be used. This section overviews the first option. The 

main advantage of the rejection sampling is that all samples obtained during sampling 

could be used straight away as samples from the target distribution, without any 

“preparation” process. 

Let us give the following illustration. Suppose we draw points uniformly from a 

circle with a centre at (0, 0) and R = 1. It could be difficult to draw uniformly from a 

circle area; however, rejection sampling could be applied in this situation. We first 

draw (x, y) values from the square surrounding the target circle, and rejecting any 

samples that lie outside the circle. In other words, we reject all values for which 

x2+ y2 > 1. This process is illustrated in the Figure 2.4 below. To conclude, we used 

rather simple and well-known distribution as a basis for sampling from a more 

complicated distribution. 

 

Fig. 2.4. Uniform sampling from a circle using rejection sampling (Source: Steyvers, 2011) 

Thus, rejection sampling allows generating observations from a difficult to 

sample distribution where the probability of a particular sample could be evaluated. In 

other words, suppose we have a certain distribution p(θ) and direct sampling from this 

distribution is difficult, but the probability density or mass for a particular value of x 

could be evaluated. Then the researcher needs to choose the proposal distribution. The 
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proposal distribution should be a simple distribution q(θ) that one can directly sample 

from. Then the researcher evaluates the probability of the drawn samples under both 

distributions he or she is using and rejects samples that are unlikely to be under the 

target distribution relative to the proposal distribution. 

Such procedure is shown in the Figure 2.5 below. First we choose constant c 

such that cq(θ) ≥ p(θ) for each possible sample . This function cq(x), which 

represents the proposal function q(x) multiplied by constant c, will always lie “above” 

the target distribution. Finding the appropriate constant might be non-trivial, but 

usually done through some calculus. After choosing the proposal function and the 

constant, we draw a value u from a distribution that lies inside [0, cq(θ)]. The proposal 

is rejected if u > p(θ) and accepted otherwise. If the proposal is accepted, the sampled 

value  is drawn from the target distribution p(θ). 

 

Fig. 2.5. Illustration of rejection sampling technique (Source: Steyvers, 2011) 

Let us summarize the procedure by pointing out steps that are taken in this 

technique: 

1. Choose a distribution q(θ). This distribution must be easy to sample from. 

2. Find a constant c such that cq(θ) ≥ p(θ) for all θ. 

3. Sample a proposal θ from proposal distribution q(θ). 

4. Sample a uniform deviate u from the interval [0, cq(θ)]. 

5. If u > p(θ) the proposal is rejected, otherwise it is accepted. 

6. Steps 3, 4, and 5 are repeated until desired number of samples is reached; 

each accepted sample is a draw from p(θ). 
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As pointed out by Steyvers (2011). The efficiency of this procedure heavily 

relies on the choice of the proposal distribution. It should be chosen so, that as many 

as possible samples are accepted. If the proposal distribution is highly dissimilar to the 

target function, then many samples would be rejected, slowing the procedure down. 

Let us present the code using rejection sampling technique (see Code 2.3). 

Suppose we want to sample from Beta(2,1), for 0 ≤ x ≤ 1. The code uses the algorithm 

discussed above and as a result returns the histogram following the target distribution 

f(x) = 2x for the interval 0 ≤ x ≤ 1 (see Figure 2.6). 

Code 2.3. Rejection sampling technique (executable in MATLAB/Octave) 

j = 1; 
while i < 1000 % 1000 draws 

y = rand; % take Y from the uniform distribution [0, 1]  
u = rand; % take U from the uniform distribution [0, 1] 
if u <= y % accept value only if U < 2Y/2 

x(j) = y;  
j = j + 1; 
i = i + 1; % draw must be successful 

end 
end 
hist(x); 

 

Fig. 2.6. The resulting histogram of p(x) = 2x  

The value c is chosen to be 2, since in this example max (
p(x)

q(x)
)  = 2. Probably, 

for this exercise, a simple uniform proposal distribution is not optimal, but it is used, 

since it is easy to implement in MATLAB. Obviously, increasing number of draws 

would increase the precision of the method. 
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This method could also be extended to suit discrete distributions. The difference 

compared to the continuous case, which we reviewed, is that the proposal distribution 

q(x) must also be discrete distribution. 

Further on, for high dimensional distributions Markov chain Monte Carlo 

method could be used, which has a similar approach. Essentially, it is a computational 

approach that replaces analytic integration by summation over samples generated from 

iterative algorithms. In this case, Monte Carlo sampling allows one to estimate various 

characteristics of a distribution such as the mean, variance, kurtosis, or any other 

statistic of interest. 

Exercises 

1. Try out different standard distribution commands with respect to the 

visualization of pdf, cdf and histogram. 

2. When the probability distribution is skewed (first N – 1 outcomes have 

zero probability), the inverse transform sampling algorithm is inefficient. 

What adjustment can improve the efficiency? 

3. Consider random number generators implemented in MATLAB/Octave 

like exprnd, betarnd etc. Suppose you need to sample from a Beta(3, 2). 

Do this using a) built-in function; b) a rejection sampling algorithm. 

Compare the results. Visualize the histogram of sampled values. 

4. Repeat the rejection sampling from the previous exercise for the Poisson 

distribution with λ = 0.1.  
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PART 3: HEURISTIC OPTIMIZATION METHODS 

Another application of Monte Carlo methods is solving complex optimization 

problems. For the most popular techniques of estimation (e.g. least squares estimation 

for linear models) optimization is easy and could be solved by simple algebra. 

However, sometimes, for a number of reasons, like multicollinearity or big model 

itself, computing might be problematic. Even more demanding could be optimization 

of general maximum likelihood estimations. In this case, likelihood functions could 

have several local optima, which complicates computational procedure. 

There are also situations, where traditional methods could not be used for the 

model selection, due to the discreteness of the search space. Number of researchers 

mentioned this situation earlier, for example one could refer to Winker (2000) or 

Maringer and Meyer (2006). Discrete optimization could be generally solved by 

enumerating the potential solution, if that is not possible then probably there is no 

viable deterministic approach to solve the problem. 

As one could see from the examples above, number of problems, which could 

not be solved with traditional approach, in econometric analysis and modelling is 

rapidly increasing. In this case, using traditional methods of optimization could bring 

inappropriate results. Unfortunately, for many applications of this type there is no 

simple way of checking the obtained result. 

There are three possible ways of approaching the mentioned problem. First, 

which is not advisable, but sometimes used, is ignoring the complexity and using 

traditional optimization methods, hoping that obtained results would be useful anyway. 

Usage of this method could also result from not understanding the real complexity of 

the model proposed. Certainly, this is not correct to address the problem like that. 

Second, is simplifying the model to the state where traditional optimization could be 

used. This method had to be used frequently in the past, because of the lack of the 

computational power. This method is much more adequate then the first one, but still 

has its’ own drawbacks, such as sacrificing the possible gains from the complex models 

and probability of misspecification. The third, and the most preferable approach, is 

using the optimization heuristics. Fortunately, this option is becoming more and more 
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popular nowadays, since most computers could provide computational power needed 

for it. 

It is common knowledge, that optimization is very important in econometrics, 

whether it is about model selection, or estimation of the parameters. This section of the 

book would give an overview of the heuristic optimization methods as an instance of 

Monte Carlo methods and illustrate it with useful examples. 

3.1. Overview 

The term heuristic is usually strongly connected to the algorithms that mimic 

natural processes, like evolution of species, annealing process of solids, or self-

organization of insects. Further on we will overview several of these algorithms. The 

more general definition of the term, presented by Gilli and Winker (2007), relies on 

describing the properties of the algorithm. First, heuristic algorithm should be able to 

provide high quality approximations to the global optimum. Second, a well-behaved 

heuristic algorithm should be robust to changes in problem characteristics, In other 

words, it should have broad usage for the whole problem class, not only for one 

instance. In addition, it should be possible to tweak the algorithm, through changing 

the parameters or constraints. Third, which is connected to the previous one, is that 

heuristics should be usable for many problem instances, including new ones. As 

aforementioned authors conclude, there should not be any subjective elements in a 

heuristic algorithm. 

As one can see from the named characteristics, one of the main strengths of the 

heuristics is that no need in strongly fixed set of assumptions about the optimization 

problem for the method to work properly. In most cases, even just evaluating the 

objective function for some element of the search space is enough. There is no need in 

assuming some global properties of the function or in calculating the derivatives. The 

drawback of this type of the optimization algorithms is that they do not produce exact 

solutions with certainty, but rather stochastic approximations. But none the less, if there 

is no option to use traditional methods, heuristics could provide satisfying results or 

estimations. 
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Right now, unfortunately practical implementation of the optimization heuristics 

in the econometrics cannot be called well established for a several reasons. First, as we 

mentioned earlier, lack of knowledge or understanding of the complexity of the 

optimization problem results in inappropriate use of standard methods, instead of 

heuristics. This constraint is highly problem specific and, unfortunately, not easy to 

overcome, due to lack of tools to identify the ineffectiveness of the classical methods. 

For example, comparing standard approach and heuristics can only indicate non 

adequacy of the classical tool only if heuristic solution quality is much better, but not 

the other way around. Good “classical” solution does not necessarily indicate that 

standard optimization approach is suitable. 

Second, lack of well-documented implementations of heuristics. The increasing 

number of different heuristics and hybrids might be confusing even for experienced 

researcher. Solution of this issue is easier to deal with than the first one, and could be 

solved as more and more accessible guidelines for the heuristic methods appear. Since 

optimization heuristics are usually rather simple to code many successful 

implementations could be overviewed. Hopefully, the examples and classification of 

the most common heuristics provided in this book could help to overcome the named 

issue. 

Third, dealing with the stochastic nature of heuristic optimization results could 

pose difficulties to researchers. Regarding this issue, it is strongly connected to the 

previous one, and, probably, increasing number of publications regarding theoretical 

and practical aspects of the heuristic optimization could eradicate this problem. 

Heuristic optimization methods are generally computational, therefore they have 

appeared and been developing as electronic computing devices developed. First 

contributions in the heuristic optimization methods go back to Bock (1958) and Croes 

(1958) who introduced algorithms for solving the traveling salesman problem. 

However, the main techniques in this sphere have been introduced in the late 1980s 

and 1990s, but only recently they became wide-spread, since desktop computers have 

reached the performance required for effective usage of these methods. For the last 

decades, number of heuristic methods only have been rapidly increasing. We will next 
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introduce general concepts of the heuristic optimization and provide a possible 

classification of the some existing variants. It should be mentioned, that today there is 

no generally “the best” classification of the heuristic optimization algorithms, 

nevertheless presented classification might help identify common characteristics of the 

methods. 

Basic concepts 

Heuristic optimization methods (also named approximation methods) are 

usually divided in two classes, constructive methods and local search methods. First 

class, generally, constructs solution through the sequence of locally optimum choices. 

The second one uses only information about the solutions in the neighbourhood of a 

current solution and is thus very similar to hill climbing where the choice of a 

neighbour solution locally maximizes a criterion. According to Gilli and Winker 

(2007), this class of approximation methods was not been considered useful for a long 

time, and only recently in became popular. Let us present the generalized algorithm of 

the local search method for minimizing a given function f(x). 

1. Generate initial solution xc. 

2. Repeat steps 3-4 until certain stopping criteria (usually a certain number 

of iterations) is not met. 

3. Select xn ∈ N(xc), neighbour to the current solution xc. 

4. If f(xn) < f(xc) then set xc = xn. Since we are minimizing the target 

function, the smaller it gets the better. 

As one can notice, it is similar to the hill-climbing algorithm, where information 

about the gradient for the selection of a neighbour is used, but in this case 𝒙𝒏 is chosen 

according to a random mechanism. This mechanism and acceptance criteria define the 

way algorithm searches solutions. 

This broad class of methods can be divided in two smaller classes: trajectory 

methods for a single solution and population based methods, which produce a set of 

solutions. The first class includes threshold methods and tabu search, whereas genetic 

algorithms, differential evolution methods and ant colonies present the second one. 
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Each method has own rules for choosing a neighbour and accepting the solution and in 

the most cases allow “uphill moves” to avoid local minima. Let us now review these 

methods, starting with a methods considered to be trajectory methods. 

Trajectory methods 

The correct definition of neighbourhood solution is crucial to these methods and 

generally depends on the considered problem, however finding this definition could be 

challenging. 

Simulated annealing (SA), as a part of the threshold methods (TM), is using a 

probabilistic acceptance criterion and based on a similarity of combinatorial 

optimization and the annealing process of solids. As in the classical local search 

method an improvement of the current solution is always accepted. Moreover, uphill 

moves are also accepted, but with some probability, which is usually implemented by 

using RNG with a uniform distribution. This probability depends on the difference 

between function values and a parameter T (called temperature as a reference to the 

annealing process), that is gradually decreases every “round” of the process. Therefore, 

during the process probability of accepting an uphill solution is steadily decreasing. 

Either a total number of iterations or a number of consecutive iterations without 

improvement of the current solution xc defines the stopping criterion. The following 

algorithm represents how the method works step-by-step: 

1. Generate initial solution xc; initialize number of trials R and temperature 

T. 

2. Repeat following steps 3-7 R times. 

3. Repeat Steps 4-6 until stopping criteria is not met. 

4. Compute xn ∈ N(xc), neighbour to the current solution xc. 

5. Compute ∆ = f(xn) – f(xc) and generate uniform random variable u. 

6. If ∆ < 0 or e
–∆

T  > u then set xc = xn. 

7. Reduce T. 

Threshold accepting (TA) method, suggested by Dueck and Scheuer (1990), is, 

essentially, a deterministic version of the SA method with the sequence of temperatures 
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T replaced by a sequence of deterministic thresholds τ. We will give more detailed 

overview of the algorithm later on in this section. 

Tabu search (TS) is a method designed for analysing discrete search spaces with 

a finite set of the neighbour solutions. The method implements neighbour solution 

selection that avoids cycling, in other words, the same solution could not be visited 

twice. This is achieved by using short term memory, tabu list that contains the most 

recently visited solutions. The steps of the algorithm are following: 

1. Generate initial solution 𝐱𝐜; initialize tabu list Tabu = ∅. 

2. Repeat steps 3-5 until stopping criteria is not met. 

3. Compute V = 
{x|x ∈ N (xc)}

T
. 

4. Select xn = min (V). 

5. Set xc = xn and Tabu = Tabu ∪ xn. 

In this case set V could be constructed through examining of the neighbour 

solutions of the current solution, or alternatively could employ more complicated 

algorithm. Usually Tabu is updated by simply deleting older values and adding new 

ones. 

Population based methods 

Trajectory methods, as mentioned earlier, work only on one solution at a time, 

whereas population based methods are able to work with on a set of solutions (called 

population) simultaneously. Considering this, population based methods could be 

much more efficient for exploring whole search space and, potentially, provide more 

accurate results, at a cost of complexity and higher demands on computational power. 

Let us overview several algorithm of this method. 

Genetic algorithm (GA) has been originally proposed by Holland (1975), and 

received a huge popularity. This type of search algorithms is designed to mimic the 

evolutionary process of species that reproduce sexually. New candidates for the 

solution are generated with a crossover mechanism, which combines part of the 

characteristics of each parent and then applies a random mutation. If the new 

“individual”, called child, inherits good characteristics from his parents it will have a 
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higher probability to survive. The fitness of the child and parent population is evaluated 

in the survival function P, which can be formed out of several sources: the last 

generated individuals P′′, P′′ ∪ {fittest from P′}, only the fittest from P′′, or the fittest 

from P′ ∪ P′′. Here is a sample algorithm representing that. 

1. Generate initial population P of solutions. 

2. Repeat steps 3-9 until stopping criteria is not met. 

3. Select P′ ⊂ P (mating pool), initialize P′′ = ∅ (set of children). 

4. Repeat steps 5-8 for a desired number of iterations. 

5. Select individuals xa and xb at random from P′. 

6. Apply crossover to xa and xb to produce xchild. 

7. Randomly mutate produced child xchild. 

8. P′′ = P′′ ∪ xchild. 

9. P = survive(P′, P′′) . 

In other words, the algorithm in general, accepts a set of solutions on step 3, and 

then constructs a set of a neighbour solutions with a chosen criteria. 

Another population based method is called ant colonies (AC) and imitates the 

way ants search for food and their way back to the colony. First, exploration of the 

neighbourhood is random. As soon as ant finds a food it starts to transport food back 

to the nest, leaving pheromone trail on the way that would guide other ants to the food. 

The intensity of the trail indicates not only the quality and the quantity of the food, but 

also a distance between nest the food. The shorter the distance, the more ants would 

travel it, thus the pheromones would be stronger. Such behaviour is able to optimize 

the work of the ants, since they follow the trails. This clever natural optimization 

mechanism have been successfully adapted in heuristics. In this case, the search area 

of the ant corresponds to a discrete set from which the elements of solutions are 

selected, the amount of food is associated with an objective function and the 

pheromone trail is modelled using an adaptive memory. The algorithm is working with 

every iteration improving the solution until the optimization goal is met. 
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The third algorithm of this class is called differential evolution (DE) algorithm, 

which was introduced by Storn and Price (1997). The algorithm adopts evolutionary 

approach and updates a population of solution vectors by addition, subtraction and 

crossover them and then selects the fittest solutions among the original and updated 

pools. The initial population of np randomly chosen solutions can be represented by a 

matrix P(0) of size d × np, where d is the dimension of the domain of the function (see 

Figure 3.1). 

 

Fig. 3.1. Initial population of solutions in DE algorithm (Source: Gilli and Winker, 2007) 

The algorithm constructs nG generations of the population. It takes several steps 

to obtain new generation: 

1. For each solution Pi

(0)
, i = 1,…, np, that is highlighted column of the 

Figure 3.1, the algorithm constructs two intermediate solutions Pi

(v)
 and 

Pi

(u)
 from three randomly selected columns Pr1

(0)
, Pr2

(0)
, and Pr3

(0)
. 

2. The i-th solution Pi

(1)
 of the new generation is assembled from the 

intermediate solutions and the initial one. 

3. Then this steps repeat until optimization problem is not solved. 

The process is also controlled by the additional parameters that affect the speed 

of shrinkage in the exploration of the solutions area, or crossover probability. These 

parameters are depend on the problem considered, thus chosen depending on the 

population or some other specifics. 

Optimization as stochastic mapping 

Stochastics is a prevailing theme in the optimization techniques, which at the 

same time differs from stochastic of the random sampling. In case when repeated 

applications of an optimization method do not generate identical results, one have to 
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deal with this type of stochastics. As one might have guessed, for the optimization 

methods overviewed earlier many factors could create randomness, for example 

generating initial solution, selecting candidate solution, or acceptance process. On the 

one hand, judging from the practical side, additional randomness is highly unwelcome 

characteristic of heuristics. However, on the other hand, because of the limitations of 

the classical approaches they could provide deterministic results that are far from 

optimal in some cases. In the situations like this, it is obvious, that stochastic 

approximation to the true optimum is much better than a bad deterministic result. 

Therefore, stochastics of the outcome of the heuristics should be reviewed. 

Consider ψI,r as the result of a run r of some heuristic optimization algorithm H 

for a given objective function f. Let I denote a measure of the resources spent on a 

single run of the algorithm, and f(ψI,r) represent obtained value of the objective 

function, which could be seen as a random draw from a distribution DI
H(μ

I
,δI,…) with 

a certain and finite expectation and variance values. It is worth mentioning that, 

although for the most heuristics properties of this distribution are unknown, some 

general characteristics could be derived. First, for minimization problems, the 

distribution will be left censored at the global minimum of the objective function. 

Second, with increasing amount of computational resources I, the distribution tend to 

shift left and become less dispersed. It is showed in detail in the work by Gilli and 

Winker (2007). 

If heuristic optimization is repeatedly applied to the same problem, it becomes 

possible to calculate the empirical distribution of the objective function. This 

information, in its turn, allows estimating the properties of the DI
H and its empirical 

characteristics. In particular, lower values are interesting as estimates of the best 

solutions for the minimization problem. Extreme value theory could possibly be used 

to obtain estimates of the unknown global. Finally, repeating the algorithm for different 

amounts of computational resources I allows estimating empirical rate of convergence. 
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Fig. 3.2. Empirical distribution of f for different values of I (based on n = 1 000) (Source: Blüschke 

et al., 2013) 

Figure 3.2 presents results from an application of the threshold accepting 

method, mentioned earlier, to the problem of lag structure selection in VAR models. 

The upper left plot exhibits the empirical distribution functions of the objective 

function (Bayesian information criterion) for different values of I. As predicted, the 

distributions move left and become less dispersed, as I grows. The other three plots 

show kernel density estimates of the distribution of f(ψI) for different numbers of 

replications. These plots confirm the findings from the empirical distribution function. 

In addition, they might hint the information about specific properties of the objective 

function. For example, the shape for the lower right plot probably indicates two local 

minima with a large domain of attraction, whereby the first one might be the global 

minimum. 

Convergence of heuristics 

As we mentioned, optimization heuristics does not provide deterministic result, 

so it is important to describe the convergence of these methods as a part of our 

overview. It is intuitively understandable, that increasing amount of computational 

resources (e.g. increasing a number of total runs) should have a positive effect on the 

accuracy of the result if algorithm is tuned correctly. 

To illustrate this idea we present the results for threshold accepting obtained by 

Althöfer and Koschnik (1991). Similar logics could apply for other heuristics. This 
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work are generally confirm the theoretical assumption, that with increased I results of 

the algorithm become more accurate. Let us look into this in more detail. 

First, results are obviously depend on a several assumptions regarding the 

problem. To be precise, search space has to be connected, in other words, it should be 

possible to reach any point of the search space from any given starting point by 

performing local search steps, and the objective function has to satisfy some defined 

criterion. Second, authors prove that there are suitable parameters for the threshold 

accepting implementation such that the global optimum of the objective function can 

be approximated at arbitrary accuracy with any given probability close to one by 

increasing the number of iterations. However, finding the suitable parameter values 

could be rather complicated in practice. 

Althöfer and Koschnik (1991) present following convergence result: with any 

δ > 0 and ε > 0, there exists a number of iterations I(δ, ε) such that for any given 

replication r 

P(|f(ψI,r) – fmin| < ε) > 1 – δ, 

Where fmin denotes the global minimum of the objective function. There are 

several notes that should be mentioned about this result. The main one is that result 

does not provide any information about the rate of convergence, which is extremely 

important since there is no possibility to send infinite resources on the algorithm. In 

addition, for any finite amount of I there is an error in the approximation of the 

estimators. Therefore, it seems that further research in this field is strongly needed. 

Guidelines for the use of heuristics 

As we covered the essential basics of the heuristic optimization methods, we 

now will provide several useful guidelines for using these methods in practical 

researches. Let us first explain when these methods are used. Generally, for the 

situation when the optimization problem is complex in a computational sense, for 

example due to several local minima, heuristic optimization should be used as a 

benchmark for “traditional” approach. When, in this case, heuristic optimization would 

provide better results than classical approach, it should be an indication to apply the 
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heuristics as a main optimization technique. Probably, heuristics could even be used as 

a standard benchmark, since many software packages like MATLAB now support it 

by default. 

Also when choosing the heuristics for optimization, researcher must correctly 

choose the type of the applied algorithm. First, selection could be based on the type of 

the search space and the objective function given, since some heuristics, like 

differential evolution, for example, are not suited for discrete search space or problems 

with noise parameters in the function. Second, researchers could use previous 

experience of using heuristics in certain spheres where problems have similar 

characteristics. In addition, it should be correct to start with more general approaches 

first, and then using more specific heuristics if needed. 

Each of the optimization algorithm, that we earlier listed in the section has its’ 

own set of tuning parameters, which should be controlled by researcher to increase 

effectiveness of the algorithm. For example, in trajectory methods the neighborhood 

solution should be defined carefully and neighbor solution should be easy to generate. 

In a genetic algorithm information is exchanged among individuals during crossover 

with mutations occurring, thus information transmitted from parents and diversity 

should be controlled. 

Let us illustrate implementation of the heuristic optimization with a threshold 

method as done by Gilli and Winker (2007). For the following, we consider a 

minimization problem on a subset of Ω of Rk. The implementation of this algorithm 

involves specifying number of restarts nrestarts, number of rounds nrounds, and number 

of steps nsteps, then defining objective function, the neighborhood, and the threshold 

sequence. In this case the number of iterations per restart I is defined by number of 

rounds multiplied by number of steps. 

Optimization in terms of calculation is crucial for the heuristics, therefore 

researcher should always try to achieve fast calculation when constructing the 

algorithm. To improve the performance of the threshold method the objective function 

should be locally updated, in other words with a change of x function should not be 
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computed from scratch, but rather just updated. Such approach have also been proven 

useful in the population based algorithms. Unfortunately locally updating functions 

could be problematic in practice. 

The next thing to consider is presence of constraints, in which case Ω is a 

subspace of Rk and generating starting and neighbor solutions could be difficult, 

especially if Ω is not connected. Therefore, as it pointed out by Gilli and Winker 

(2007), Rk should be used as a search space with adding certain penalty to the objective 

function if x does not belong to space Ω. Usually, in practice, this penalty is initially 

set to be small to allow exploration of the whole space, and then increased every run 

to increase the accuracy of the solution. Penalties could be presented in absolute or 

relative terms, while second option allows more generalized usage. 

Now, let us move to the neighborhood definition. Generally, in the case of TA, 

for real valued variables the definition could be given by the means of ε-spheres: 

N(xc) = {xn|xn ∈ Rk and ||xn – xc|| <  ε}, 

Where N denotes the neighborhood and ||…|| represents Euclidian metric, which 

is case of discrete search space could be substituted with a Hamming metric for better 

results. 

Unfortunately, theoretical analysis of the threshold accepting algorithm does not 

provide a guideline on how to choose the threshold sequence. In some cases of small 

problems the optimal threshold sequence is not monotonically decreasing. Fortunately, 

there are two useful procedures that appear to provide reliable threshold sequences for 

use in the field of econometrics. First and the simplest one, is to just use sequence 

linearly decreasing to zero over the chosen number of periods, in this case only first 

threshold value needs tuning. The second approach is to use data driven generation of 

the sequence, which relies in the function structure itself. Let us look into this option 

further. 

For the case of a finite search space, only threshold values corresponding to the 

difference of the objective function values for a pair of neighbors are relevant. To be 

applicable to the real search spaces the algorithm uses a random sample from the 
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distribution of such local differences. This procedure can also be successfully applied 

to the cases of infinite and continuous search spaces. The following algorithm gives a 

general idea how this approach works: 

1. Randomly choose xc ∈ Ω. 

2. Repeat steps 3-4 for a chosen amount of times ndelta. 

3. Compute xn ∈ N(xc) and ∆i = |f(xc) –  f(xn)|. 

4. Set xc = xn. 

5. Compute empirical distribution F of ∆i. 

6. Compute threshold sequence τr = F–1 (
nrounds – r

nrounds

) , r = 1, …, nrounds. 

The resulting empirical distribution of ∆ is shown in the Figure 3.3. 

 

Fig. 3.3. Empirical distribution of a sequence of ∆ (τ indicator to number of rounds) (Source: Gilli 

and Winker, 2007) 

Instead of considering the local changes of the objective function ∆ along a path 

through the search space as described in the algorithm, researcher might consider 

several restarts to produce different trajectories of shorter length, or – in the limit – 

generate all xc randomly. It should be noted that all three methods should give the same 

approximation to the distribution of local changes of the objective function with infinite 

amount of tries. 

Next we overview how the algorithm could be monitored. To understand how 

the algorithm works it is possible to produce a plot of the function values accepted in 

the succeeding rounds. The Figure 3.4 shows such plot, using threshold determined 

previously. As it can be seen, the uphill moves are less frequent as more rounds that 

are successful are taken. In the last round there are no uphill moves at all. 
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Fig. 3.4. Function values for accepted steps in the local search, divided by rounds (Source: Gilli and 

Winker, 2007) 

The last two figures could provide researcher with useful information about how 

well algorithm is parameterized. For example, an irregular shape of the cumulative 

distribution of the ∆ should be a signal of a bad local behavior of the objective function. 

Graph of the accepted values could also identify if number of steps and rounds is 

chosen correctly. Usually number of steps should by far exceed number of rounds, it is 

suggested that algorithm have at least 10 rounds, and increasing this number benefits 

the accuracy. Obviously, the choice of these parameters are problem dependent, thus 

if evaluation of the objective function is expensive they would be kept as low as 

possible. 

Although as we mentioned earlier, estimates generally benefit from the increased 

number of iterations I, it might be reasonable to divide available resources into several 

restarts. It should be optimal in many cases to set number of restarts nrestarts from 5 to 

20, rather than investing all available resources in one go. If the restarts are executed 

in a distributed computing environment, the optimal allocation of computing resources 

has to be considered differently. Again, the question is how to choose nrestarts and I in 

order to minimize execution time for a given quality of the result 

fsol = minr = 1,…,nrestarts
f(ψI,r) ≤ c. 

The following example is suggested by Gilli and Winker (2007). Consider 

Figure 3.5 showing the empirical distribution of results f(ψI) of the heuristic 

optimization for increasing values of I. Authors associate a Bernoulli random variable 

z to the solution f(ψI) of a single execution where z = 1 if f(ψI) < c and z = 0 else. For 
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I = 10000 and c = −1.265 they received p = P(z = 1) = 0.727 which corresponds to the 

percentile of f(ψI) = −1.265 in the empirical distribution. Then authors considered the 

random variable x which counts the number of solutions verifying f(ψI) < c out of 

solutions. Knowing that x ∼ B(nrestarts, p) is a binomial random variable, the 

probability for a solution being at least as good as fsol = minr=1,…,nrestarts
f(ψI,r) ≤ c is 

given by 

π = 1 − P(x = 0). 

From which it is possible to compute the number of restarts necessary to obtain 

the desired quality c with a given probability π. For x ∼ B(n, p) we have 

P(x = 0) = (1 – p)
n and the number of restarts Gilli and Winker were seeking is given 

by the smallest positive integer n verifying π ≤ (1 – p)
n. 

 

Fig. 3.5. Empirical distribution of results of 𝑓(𝜓𝐼) (Source: Gilli and Winker, 2007) 

As a result authors concluded that I = 1000 and nrestarts = 51 would be the best 

choice in a distributed computing environment with at least 51 nodes, whereas I = 2000 

and nrestarts = 11 is the best choice if the restarts have to be executed serially. 

Moreover, they mention that TA algorithm with restarts behaves robust within given 

class of problems. 

Let us next consider several possible application of the heuristic optimization for 

discrete and continuous search spaces. 

3.2. Applications to Discrete Search Spaces 

In this section we will give an illustration of the several issues mentioned in the 

previous section. First example employs TA heuristic as an illustration of model 

selection in VAR models. 
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Consider a p-dimensional vector AR-process Xt that is given by 

Xt = ∑ ГkXt – k 

K

k = 1

+ εt , 

Where matrices Г𝐤 provide autoregression coefficients and εt ~ N(0, ∑) iid. In 

this case all component time series are stationary. 

Assume that maximum lag length K0 can be derived either from an economic 

background or from a certain rule of the thumb based on number of observations. 

Therefore, the model selection problem for a given realization of the process includes 

identifying K and non-zero elements of Гk in the search space described by 

Ω = {0, 1}p2×K0 where 0 indicates parameter constraint to be zero, and 1 to the freely 

estimated parameter. It can also be mentioned, that for this problem different objective 

functions can be considered. For this problem the Bayesian or Schwarz information 

criterion BIC = ln|∑̂| +l lnT/T (where ∑̂ denotes determinant of the fitted residuals 

covariance matrix and l denotes number of non-zero parameters) is used, but using any 

other information criterion (e.g. Akaike information criterion) is possible. It could be 

implemented just by replacing the objective function. 

We assume that Ω is finite, which allows solving the problem by simple 

enumeration of all elements of the set and choosing lag structure that corresponds to 

the lowest value of the chosen information criterion. However, this method is not 

applicable to the real problem, since even modest values of p2 and K0 returns a big 

amount of the lag structures, which makes enumeration practically impossible. Another 

way is to consider only a small subspace of the Ω, which could be enumerated. 

However, there is no guarantee that optimal lag structure will lie within this subset. 

Therefore, using heuristics is reasonable at least as a benchmark. 

As mentioned in the previous section, neighborhood for the TA heuristics could 

be defined by the means of ε-spheres defined by Hamming distance. In this case, 

generally, ε should be chosen to be large enough for not being stuck in a bad local 

minima and small enough to result in a guided local search. For the considered problem 

with a 5000 iterations per restart Hamming distance of 4 appears to be the most 
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adequate choice since standard deviation of the accepted values is the lowest (see Table 

3.1). The threshold sequence is constructed following the algorithms that were 

described earlier with 30 rounds with 100 steps each. 

Table 3.1 

Standard deviation of local changes and accepted solutions 

distance σ∆N σaccepted 

2 0.1706 0.9569 

4 0.2578 0.5961 

6 0.2916 0.7932 

We next consider the problem with p = 3 and K = 3 for simplicity. The problem 

instance exhibits different lag structures for the three equations and several 

uncertainties such that the standard approach cannot result in a proper model selection. 

The selection procedure is based on the simulated data of this process with T = 100 

and K0 = 5, for the optimization purposes. 

Next, we consider several instances of the realizations of the process with 1000 

restarts, but with different number of total iterations I. For I = 500 the overall best 

solution is found 4 times, 18 times for I = 1000, 217 times for I = 5000, and 332 times 

for I = 10000. At the same time with increasing I the mean relative deviation from the 

best solution decreases from the 22 % in the first run to the 1.3 % in the last one. With 

a low number of observations of the realization of the process, it should not be expected 

that the model with the lowest value of the information criterion found by the heuristics 

corresponds to the true data generating process. The heuristics just delivers the best or 

at least a good approximation for the given realization. Therefore, to gain accurate 

results one should use larger set of different model structures and realizations for each 

of them. More details on model selection in VAR models including more 

comprehensive set of the simulations can be found in Winker (2001, Ch. 12). 

3.3. Applications to Continuous Search Spaces 

Next, we present a comparison of the implementations of threshold accepting 

and differential evolution in case of continuous optimization problem Consider the 

linear regression model 
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y
i
 = [xi1…xip] [

θ1

⋮
θp

] +ϵi, i = 1,…, n, 

Where matrix of θ denotes parameters and ϵ ~ N(0, σ2I) is the disturbance 

vector. In this case, the smallest percentage of contamination in the data that may cause 

the estimator to be affected by an arbitrary bias is the breakdown point of the estimator 

(see Hampel et al., 1986, Ch. 2). For normal OLS breakdown point is 0 %, but there 

are some other estimators that have breakdown point of 50 %. It is a matter of fact, that 

estimators with high breakdown point could not be solved as simple as OLS, since their 

objective functions are non-convex and have several local minima. Over the last two 

decades, a number of the algorithms have been proposed to solve this problem, for 

example one can refer to Marazzi (1992) and Rousseeuw and Driessen (2000). These 

methods are using, essentially, resampling techniques. Recently, the algorithms have 

been revised and optimized for faster execution, e.g., by Salibian-Barrera and Yohai 

(2006) and Rousseeuw and Driessen (2002). The resulting algorithms are complex ad 

hoc procedures. We demonstrate that standard heuristic optimization techniques that 

could be used for solving such problems. 

Consider an example of least median of squares (LMS) 

θ̂LMS = argmin
θ

Q
LMS

(θ) , 

Where Q
LMS

(θ) = med(r1
2…, rn

2) is the median of squared residuals ri
2. Apart 

from that least trimmed squares and the S-estimator are used. 

As an illustration for the computation of an LMS estimator the data generation 

process which has been proposed by Salibian-Barrera and Yohai (2004) is used. 

Consider the linear regression model mentioned earlier where 90 % variables are 

independent and identically distributed random variables with normal distributions, 

therefore θi = 0,  i = 1, …,p. Remaining 10 % consist of outliers corresponding to 

slopes θ2 = 
M

100
 and θj = 0 for i ≠ 2. 

In the following the data is generated for n = 100, p = 10, and M = 190, and then 

LMS estimators are computed. It should be noted, that these estimators should 
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significantly differ from zero. Consider Figure 3.6, which illustrates objective function 

non-convex shape. The left part represents data that was generated with the artificial 

model presented above. One could mention that local minima for this function 

corresponds to θ2 = 1.9. The right part presents real data related to the biomedical 

problem (Brown and Hollander, 1977). 

 

Fig. 3.6. Shape of function 𝑄𝐿𝑀𝑆(𝜃) for the LMS (Source: Gilli and Winker, 2007) 

Next, we proceed with the possible implementation of the TA algorithm for the 

minimization problem with a continuous objective function. As earlier mentioned 

Q
LMS

(θ) = med(r1
2…, rn

2), where ri = (y
i
 – Xi, θ)

2
, i = 1, …, n. To generate the 

solution 𝛉𝐧 the following algorithm is employed: 

1. Set θn = θc. 

2. Select uniformly i ∈ {1,…, p}. 

3. Generate uniform random variable u ∈ [–h, h]. 

4. Compute θi
c = θi

c + u ⋅(1 + |θi
c|). 

In this simulation, h is set to 0.40 and the algorithms performs total of 25000 

iterations divided into 10 rounds 2500 steps each. The results could be seen in the 

Figures 3.3 and 3.4. 

Another way to solve the problem is to employ the DE algorithm. In this case 

objective function remains unchanged. To make results comparable we set nP = 100 

and nG = 250, which results in the same number of iteration as in the first situation. 

Other relevant parameters are set to be the following: CR = 0.8 and F = 0.75, 
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θi ∈ [–3, 3] for i = 1,…, p. The empirical distribution of the objective function value 

for the TA and DE is shown in the Figure 3.7. 

 

Fig. 3.7. Empirical distribution of the value of the objective function of 200 

solutions for TA and DE (Source: Gilli and Winker, 2007) 

In the considered problem, all solutions show the presence of outliers, in other 

words none of the estimated θ2 = 1.9. We could also conclude, judging by the graph, 

that for this case differential evolution produces slightly better solutions than TA. The 

very small variance of the solutions also indicates that only a small number of restarts, 

around 10, is needed to obtain with high probability a solution identifying the outliers. 

Exercises 

1. (based on Kroese et al. 2011) Consider minimization problem for the 

trigonometric function for the n-dimensional 𝐱𝐢: 

S(x) = 1 + ∑ (8 sin
2 (η(xi –  xi

*)
2
)  + 6 sin

2 (2η(xi – xi
*)

2
)  + μ(xi –  xi

*)
2
) ,

n

i = 1

 

Where n = 10, x* = (10, …, 10), η = 0.8, and μ = 0.1 are set in the named 

values. Function has minimal value of 1 at x = x*. Solve the problem using 

the method of the Simulated Annealing. For construction of the algorithm 

use following parameters T0 = 10 as a starting temperature, β = 0.99 for 

cooling factor with geometric cooling scheme, σ = 0.75, with 103 

iterations. Comment on results of 20 restarts of the algorithm. 

2. Repeat the same algorithm for 106 iterations with 10 restarts. How does 

this change affect results? 
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3. Consider minimization problem for the 50-dimensional Rosenbrock 

function (which is considered to be a benchmark for optimization 

algorithms): 

S(x) = ∑ (100(xi+1 – xi
2)

2
+(xi –  1)2)

49

i = 1

, 

Which has minimal value of 0 at x = (1, …, 1) (Kroese et al. 2011). Solve 

the problem using differential evolution method. For the algorithm use 

population size N = 50, scaling factor α = 0.8, crossover probability 

p = 0.9, run the algorithm for 5⋅104 iterations with uniform initialization 

of the population. Comment on the results.  
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PART 4: INTRODUCTION TO THE AGENT-BASED MODELING 

Agent-based models (ABMs) or, alternatively, individual-based models (IBMs) 

are type of the computational models that are used for simulating the behavior of 

autonomous agents to assess how the system consisting of the several agents behaves. 

This group of models is rather new, but have proven to be effective in economic theory 

and many social sciences. The randomness needed for simulation is achieved through 

the employment of the Monte Carlo methods. 

Compared to the variable-based approaches that use structural equations, or 

system-based approaches that employ differential equations, agent-based modelling is 

capable of simulating individual heterogeneity that represents explicitly agents’ 

decision rules, and situates agents in a geographical or another type of space, which 

gives virtually infinite number of possible applications of this method. 

This part of the book reviews a concept of the agent-based models, how they 

work, what features differ them from the other types of models, and gives several 

possible ways of implementing agent-based models in a research. This part also 

provides several useful examples of agent-based models. 

4.1. Overview 

Agent-based modeling is, essentially, a computational method, which allows 

creating, analyzing, and experimenting with complex models composed of autonomous 

agents that interact within an environment and each other. This approach effectively 

combines game theory, computational sociology, multi-agent systems, and 

evolutionary programming. Let us consider this definition in detail as given in Gilbert 

(2007). 

As it is stated, agent-based modelling is a computational approach, thus involves 

creating models and algorithms that could be executed by using computer resources. 

In this case, modeling is used in its’ common meaning, as creating the simplified 

representation of the real phenomena or object, which bears its’ distinctive features of 

traits. In econometrics, for example, a regression equation with dependent variable and 

independent variables, serves as a model of the relations between the variables. Even 
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a description in words could be viewed as a model, for example describing how foreign 

direct investment affects innovation activities in the certain country, we create a model 

of the real processes, thou rather simple one. 

Computational models are usually presented as a computer programs consisting 

of several input parameters that following some kind of algorithm result in the output 

values that represent the modelled process. As an example, one could have assumptions 

about how consumer tastes are affected by advertising or social relations. To test them, 

one should create a computer program, which has a set of agents (or individuals) that 

make buying choices according to their preferences. In this case, every agent would be 

affected by choices of their “friends” (and the other way round) and the advertising as 

some kind of “external” power. And since traditional methods appear too complex to 

use in a models with a big number of agents, such processes could be modeled using 

agent-based approach. 

There are several big advantages of the computational modeling. First, it is 

expressed in a precise computer language, thus returning precise numerical results, 

whereas theories and models in natural language could be sometimes uncertain or 

formally assessed. Second, computer programs are good for modelling processes, since 

programming environments usually provide a variety of tools for that. Third, as we 

several times mentioned earlier, computational power of the machines is rising rapidly, 

allowing modeling more complex, and sometimes unpredictable, processes with many 

events or agents involved. 

Next thing to consider is that ABMs allow experimenting with the models. It is 

important mainly because in social sciences, unlike physics or chemistry for example, 

experimenting is very hard to implement or extremely costly. It is mainly because that 

classical “treatment-control” method of experimenting could not be applied in the 

social sphere. In the physics or chemistry studies experiment consist of applying certain 

treatment to an isolated system and then controlling the results, comparing this system 

with another one that did not received any treatment. Obviously, the same could not be 

applied to the social studies, since the complexity of the social systems and a number 

of ethical reasons. However, employing an agent-based modeling in the research 
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negates the difficulties in isolating of the human system and the ethical problems of 

experimentation, since experiments are conducted on the virtual systems. This could 

also be stated as a major advantage of ABM. The desired experiment could me set up 

and conducted for an almost unlimited number of times applying a range of exogenous 

parameters to the system and even allowing random variations to appear. 

This idea could not be called novel. For example, architects or engineers test 

models of buildings or planes in a wind tunnel, since it is much cheaper and easier to 

use the model rather than a real object. Another reason for experimenting with models 

is that sometimes it may be the only way to obtain results, like for example in a 

quantum physics, since particles are almost impossible to observe directly. Deriving 

the behavior of a model analytically is usually preferred, since it provides information 

about how the model will behave given a range of inputs, but often an analytical 

solution is a viable choice. For these cases, it is necessary to experiment with model 

differing inputs to gain information about its’ behavior. The same logic is applied to 

the social experimentation. 

Obviously, to achieve reliable results with such kind of experimentation the 

researcher should ensure that the model used behaves in the same way as real-world 

system, which could be challenging sometimes. Thus, experimentation on models is 

not a universal solution. 

Another core concept of this section is model. Models now have a long history 

of usage in the social studies. Modelling social processes took place even before usage 

of computers, but became widely spread when statistical models began to be used as a 

tool for analyzing the large amounts of data in economics, sociology and demography. 

As it was mentioned earlier in this part of the book, models are meant to simulate some 

real phenomena, which is called the target of the model. As mentioned by Carley 

(1999) two main advantages of a model are that it succinctly expresses the relationships 

between features of the target, and it allows one to discover things about the target by 

investigating the model. 

One of the earliest social science models is hydraulic model of the economy by 

Phillips, also called Monetary National Income Analogue Computer (MONIAC), in 
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which water running through a system of pipes and vessels is used to model a 

circulation of money in the economy. The model also allows changing of the 

parameters, such as interest rate, by changing the rate of flow of water through the 

pipes to see how this affects the whole system. Let us now overview several most 

common types of the models. All of these types are not exclusively used by itself, but 

rather used together to make the model more accurate. 

Scale models are just smaller versions of the target, however apart from reduced 

size models are reduced in the level of complexity. For instance, scale model of the 

building, mentioned earlier, would have the same shape as the target, but none of its 

water or electricity systems. City map could also be called scale model, since it is 

obviously much smaller than the city itself, and represents only positions of the 

buildings, but not their height or other parameters. While studying this type of model 

one should remember that results from the model should be scaled to the target’s 

dimensions and consider the possibility that not modelled features may affect the 

outcome. 

Another type of models are ideal models. In this case, some characteristics of 

the target are exaggerated as a mean of simplifying the model. Gilbert (2007) gives the 

example of an idealized model of a stock market, which assumes that information flows 

from one trader to another instantaneously, and an idealized model of traffic that may 

assume that drivers always know the perfect rout. The main idea of the idealizing in 

modeling is to remove complicated factors from the model, thus simplifying it and 

obtaining viable results if these factors have negligible effects on the model. 

Models that rely on drawing an analogy between some already understood 

phenomenon and the target are called analogical models. One of the most well-known 

examples is the billiard ball model of atoms. Social sciences examples include the 

computer model of the mind by Boden (1988) and the garbage can model of 

organizations by Cohen, March, & Olsen (1972). These models are usually very useful, 

since phenomena used for the analogy are usually well known and could provide good 

estimations, if the analogy is adequate. 
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The fourth category are mathematical or equation-based models. These emotes 

are most used in economics and quantitative sociology. They usually specify 

relationships between variables, but unlike previous models, they do not use any kind 

of analogy or resemblance between the model and the target. Instead, they use the 

mathematical functions to indicate it. The quality of this kind of models is indicated by 

how good certain data fits the equation. As an example for this kind of models, the 

Cobb-Douglas production function could be mentioned. It is a widely used 

mathematical model of how manufactured outputs are related to inputs: 

Y = ALαKβ,  

Where Y denotes output, L – labor input, K – capital input, and A, , and  are 

constants determined by the current technology. The form of this equation was derived 

practically by using the data, not by making theoretical assumptions. Mathematical 

models are extremely useful in analyzing how variables or phenomena are related, but 

unfortunately usually they do not give clear information why these phenomena are 

related. Therefore other types of models are better if process or mechanism are the 

main concern. 

As we mentioned, agent-based models recreate the situations where agents 

interact within a certain environment. Agents are used in the social sciences to 

represent individuals, organizations, firms, or even countries. They are usually parts of 

the program (or sometimes even separate programs) that react to their computational 

environment as a model of the real social environment. Curtail feature of the ABMs 

that agents are able to interact, thus pass information between each other, which 

represents human communication by the means of dialogue, observation, or any way 

transmitting information. This feature differs agent-based modelling from the other 

approaches. 

Let us look more into what is the environment in the ABM. It may be neutral 

virtual world that has little or no effect on the agents, or alternatively have strong 

influence on them. Environments could represent geographical spaces, for example in 

the models concerning international relations, environments may represent features of 
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country or its regions. Models in which the environment represents a geographical 

space are called spatially explicit. In this case, agents have coordinates that show their 

location. In other types of models environment also represents certain space but not 

geographical one, like ‘knowledge space’. Agents could be also linked together in a 

network where relationships of one agent to the others shows its position in the 

network. 

There are several main criterion of ‘good’ ABM. For example, Frenken (2006) 

presents five of them, let us overview them. First of all, ABMs usually use ‘stylized 

facts’, like wide-spread empirical regulations, rather than exact empirical data. Which 

can cause problems of the overidentification. To overcome these problems researcher 

could use additional criteria to select the most appropriate model, and complimentary 

build models to replicate multiple stylized facts in a single model for a wide range or 

probable range of parameter values. Therefore, if model replicates a large number of 

stylized facts it is considered to be good under ROSF (replication-of-stylized-facts) 

criterion. In addition, it is able to estimate how good existing models are able to account 

for the new stylized facts, thus evaluating its’ robustness. 

Another popular criterion, which is usually used for the evolution models that 

would be explained in the next section, is called ROAS, which stands for the realism 

of the assumptions. This means that considered model should not contradict well 

known behavioral or environment facts. In the neoclassical models opposed to that 

instrumentalist philosophy is used, according to which the prime quality criterion of 

models is ability to make accurate predictions. 

Third, and arguably, the most basic, is quality criterion called KISS which stands 

for ‘Keep it Simple, Stupid’. This is usually understood as a preliminary 

recommendation to start modelling from a simple model that could be easily 

understood and produce understandable results and only then develop the model in the 

specific direction. In this sense, it is challenged by newly developed KIDS (Keep it 

Descriptive Stupid) principle, proposed by Edmonds and Moss (2004). It means that 

simulation should be done in the most straightforward way possible, adopting the 

widest range of evidence. And simplification only used when it is justifiable by data or 
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the model itself. Whereas, KISS models are initially simple, which could potentially 

lead to undesirable oversimplification. Alternatively, KISS principle could be applied 

ex post, checking if the model is the simplest model that could produce desired 

outcomes and fulfilling ROSF and ROAS criteria. Nowadays there is a number of 

opinions supporting the idea that simple models are more suitable to be assessed with 

real data than complicated models that are usually motivated by the desire to imitate 

the reality more closely. 

Last criterion mentioned by Frenken (2006), known as ‘Take A Previous model 

and Add Something’ abbreviated TAPAS states that incremental approach is usually 

the most effective. As a previous criterion this one is meant to be a modelling heuristic, 

but also could be used in the optimizing the model. The main idea of this criterion is to 

use existing models and propositions as a base to maximize cumulativeness of 

knowledge and minimize time for development of the new model, moreover this 

approach makes new models more understandable in contrast to models built from 

scratch. Obviously, this does not mean that there is no place for experimental an 

innovative models in ABM, but rather that if it is possible to take advantage of the 

already existing models it should be taken, which makes them faster to construct and 

easy to understand. Considering the last two principles, it is obvious, that large part of 

the agent-based modelling should be devoted to construction of simple core models 

that could be then easily modified for more specific use. 

To conclude this section let us overview distinctive features of the agent-based 

modeling that are outlined and explained by Gilbert (2007). Each of them illustrate 

what differs ABMs from other types of models that. 

Ontological Correspondence. Agent-based models allow direct correspondence 

between the real-word actors and the modeled agents, which makes designing and 

interpreting the model easier than with equation based models. Agent-based model of 

the production firm may include agents representing the suppliers, the employees (that 

could be divided into different groups by their roles), the customers, and any other 

actors possible. The model could use only one agent for each class of actors, or 



 

 

64 
 

alternatively could use separate agent for each main actor in the environment if this is 

important for the results. 

Representation of the Environment. Another feature of ABMs is a possibility to 

represent directly real environment in the model, whether it includes physical 

characteristics (e.g. distance between agents or whether in the region), effects of the 

surrounding agents, or influence of other factors like recourse abundance or crowding. 

This feature is crucial to building reliable industrial district models that would be 

mentioned in the next section. Another good example could be taken from the Gimbett 

(2002), where movement of backpackers in the Sierra Nevada Mountains in California 

is modeled to assess the impact of different management policies on saving this area 

of the wildlife. In this model, the agents simulated moving in a landscape representing 

the topology of the area. 

Heterogeneous Agents. It is common knowledge that traditional approaches 

usually deal with unified actors. In other words, all considered actors are similar in 

their most important traits. For example, economics usually deal with the “typical firm” 

or “typical economic agent”, whose decisions are rational. These agents may differ in 

their preferences in a certain models, but follow the same behavior. Even if there are 

different sets of actors with their own behavior, there are small number of them, mainly 

because if agents are not homogenous the analytical conclusions could be impossible 

to derive. The ABMs overcome this constraint allowing each agent to perform 

according to its own preferences and rules. In this case, models of the supply chains 

could be an example, since each business in them has its own strategy. 

Agent Interactions. One of the most important benefits of the ABMs is a 

possibility of interactions between the agents. In other words, in this type of models 

agents could transmit information between each other, it could be as simple as just 

passing the messages between two neighbor agents, or could be much more 

complicated and involve different interpretations of the single message. The good 

illustration of this feature are opinion dynamics models. 

Bounded Rationality. Usually in traditional economic models individuals acting 

in the market are assumed to be rational. This could be considered a weakness of such 
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kind of models, since many researchers assumed individuals to be “hyperrational” 

following complex or even infinite chains of logic in order to select the optimal course 

of action, which is obviously unrealistic. For the sake of truthfulness it should be 

mentioned, that there are models with agents acting irrationally or randomly and will 

not maximize their welfare, but number of such models is relatively small. As an 

alternative to the prevailing complete rationality, Herbert Simon (1957) proposed that 

individuals should be modelled to have bounded rationality, in other words, have 

limited optimization abilities due to limited cognitive abilities. Agent-based 

models not only allow limiting the rationality of agents, but also, potentially allow 

agents to make decisions of the same level of sophistication as humans. Several 

models of stock markets could be mentioned as a good example of this feature. 

Learning. Another useful feature of ABMs is that they allow modelling the 

learning process of an agent both on individual and community levels. Such 

models as innovation networks (that would be mentioned in the next section) allow 

firms on the market learning how to produce more profitable and desired product. 

Moreover, sectors at whole could learn how to operate effectively and products of 

the firms in the sector would produce the compatible set, do one firm would by 

components for own production from the other firms. There are three most well-

known approaches to modelling the learning process: 

— Individual learning, which implies that each agent learns from its own 

experience separately from the others. 

— Social learning, in which some agents imitate others, or either taught by 

them. This leads to the sharing of the individual experience among the 

whole population. 

— Evolutionary learning. This type of learning assumes that some agents 

withdraw from the market and are substituted by more competitive agents, 

which teaches other agents how to operate successfully. 

Naturally, this types of learning could be combined if needed. For example, 

afore-mentioned innovation networks employ the following mechanism of learning: 

The individual innovating firms learn how to make better products, and because poorly 
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performing firms become bankrupt to be replaced by better start-ups, the sector as a 

whole can learn to improve its performance. 

As we overviewed the concept of the agent-based modelling and considered its 

main distinctive features, let us now introduce several useful examples of ABMs to 

make definitions more concrete and clear, also showing possible ways of 

implementation of agent-based modelling in the real researches. 

4.2. Several Examples 

ABMs could be implicated in the number of social sciences. This section gives 

some illustrations to the diversity of problems where ABMs could be used effectively. 

Urban models. Initially proposed in 1971 by Thomas Schelling (1971, 1978) the 

first urban model was aimed to explain observed racial segregation in American cities. 

Initially proposed, this model was very abstract, thou had great impact on the following 

works regarding the persistence of segregation not only in the urban centers all over 

the world. The model consists of a square grid of cells, which represents an urban area 

where agents-households are randomly distributed. There are two kinds of these agents, 

usually called ‘reds’ and ‘greens’ for simplicity. Each cell of the grid could have only 

one household a time, thus some cells are left empty. The algorithm performs following 

steps: 

1. At each step, each household gathers information about their eight 

neighbors. 

2. The household checks if fraction of neighbor households with different 

color is greater than a certain level of ‘tolerance’. 

3. If the fraction is grater then the tolerance level (e.g. there are 6 red 

households surrounding green household with 0.5 tolerance value) the 

household considers itself to be unhappy and moves to the empty cell. 

4. Alternatively, the ‘happy’ household stays at its cell until the next step. 

Due to households moving every time the named fraction for each household 

constantly changing, making them reevaluate their decisions at each step, which results 

in further relocations. Figure 4.1 provides illustration of how initially random 
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distribution (left panel) of households reorganizes itself into solid clusters of red and 

green (right panel). 

 

Fig. 4.1. Performance of the Schelling model (tolerance threshold = 0.3) (Source: Gilbert, 2007) 

Clustering even occurs when households tolerate the majority of neighbors with 

different color, which was stated as an indication that even high level of racial tolerance 

allows forming of the strongly segregated patterns typical for U.S. cities. 

According to Allen (1997) there are several main reasons why this model has 

been so influential. First, the outcome is not easily predicted just knowing the 

movement rule of the each agent. Second, the model itself is simple, depending on only 

one parameter, which is the tolerance value. Therefore it is easy to understand. Third, 

resulting behavior is robust for the different values of the tolerance threshold and initial 

placement. The same results are obtained for a wide range of the parameter values, 

movement rules, and considered neighbors. As proposed by Gilbert (2002) the agent 

could make random movement decisions, consider utility of the unoccupied cell, or 

take into account the price of the cells, and other scenarios. Forth, the model suggests 

how it could be tested with the empirical data, however it have been proven rather 

problematic in practice, due to difficulty of obtaining reliable data and measuring the 

“unhappiness”. 

So generally, this model had a huge impact because of its simplicity in both 

results and the composition. Nowadays this model is being updated by adding more 

parameters and modified to be more suitable for the real world. 

Opinion dynamics models. Second group of models to consider are important in 

understanding how political or any other opinions develop among the population. 
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There is a number of works considering this problems, but we will present only one of 

them. One of the most interesting questions in this field of research is probably how 

marginal or even extreme opinions could become a norm for the most of the population, 

which is considered by Deffuant et al. (2002). There are a lot of historical examples 

from all over the world illustrating this phenomena. This phenomena shows itself in 

the common fashion, where first “extremist” way of dressing, becomes then socially 

acceptable and widespread, like wearing miniskirts for example. Unfortunately, this 

phenomena could be much more dramatic. Similar processes took place in the 

Germany of 1930-ies, or in the Middle East of the last decades, where radical minority 

succeeded to convince a large share of the population in their political beliefs. There 

are also many examples of strong bipolarization of the population, when the whole 

population becomes extremist. One could name Europe of the Cold War period, or a 

number of civil wars in different countries. 

In the model proposed by the aforementioned researchers, agents have an 

opinion, which is a real number between –1 and 1, and a certain degree of doubt about 

their opinion. These parameters together form an opinion segment of an agent, which 

is presented as a band, centered on agents’ opinion and spreading by the degree of 

uncertainty. The model then consists of the following steps: 

1. Every agent starts with an opinion generated randomly from the uniform 

distribution and with a common level of uncertainty, except small amount 

of extremists, who are rather certain about their opinion. 

2. Agents meet each other randomly. 

3. Upon meeting, one agent (i) can influence opinion of the other one (j) if 

their opinion segments overlap. Otherwise they are considered too 

different to influence each other. 

4. If one agent does influence other one then their opinion is affected 

proportional to the difference between their opinions, multiplied by the 

amount of overlap divided by agent i’s uncertainty, minus one. This 

indicates that individuals strong in their beliefs affect others more than 

uncertain agents. 
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Following these steps extremism spreads until all agents join extremism, or 

every agent becomes “traditionalist”. If the simulation is ran without extremists, then 

all population share the middle view. Therefore this model gives a valuable example 

of how small group of extremist individuals with strong beliefs could have dramatic 

effect on the society at whole. 

Consumer behavior models. This group of the models are usually employed by 

businesses to better understand what exactly motivates their customers to buy their 

products, since social factors, like the influence of friends and families, advertising, 

fashion, are important, but could be challenging to estimate. Fortunately, it could be 

done with a use of the agent-based models. One of the first researchers, who used this 

approach were Janssen and Jager (1999), who explored situation in which one of the 

competing products on the market achieves such dominance that it is difficult for 

individual consumers to switch to rival products (this situation is usually called “lock-

in”). There are numerous examples of such situation like QWERTY keyboards 

(dominating over other keyboards), VHS, Gameboy consoles, or Windows operating 

systems. The named researchers mainly focused on the behavioral process that leads 

to lock-in, thus they constructed a model with “consumats” (agents) having certain 

decision rules that are tailored to fit common behavioral theories of social comparison 

and imitation. 

Another example of this kind of models is the study of the “lemon” (second-

hand cars) market and other markets with a quality variability and quality uncertainty 

by Izquierdo and Izquierdo (2006). The study demonstrates how different quality for 

different items could affect agents’ confidence and the market at whole. Researchers 

introduced two types of agents in the model: buyers and sellers. Market contains a finite 

number of products that buyers and sellers operate with, performing one deal per round, 

and the market is cleared every round as these deals are done. Sellers are acting based 

on their minimum price to accept, whereas buyers are offering payment based on the 

expected quality of the product. Buyers draw their conclusions about the quality based 

on the individual of social experience. The social network is created by the means of 
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randomly connecting pairs of actors at a certain rate that is controlled by an initially 

set parameter. 

Results of this research showed the importance of social connections for this 

kind of markets. If buyers have to rely only on the individual experience the consumer 

confidence falls and market collapses, whereas social network sharing the experience 

allows to maintain the stable market. Also this shows how social information can 

aggregate group experience to a more accurate level and thus reduce the importance of 

a single individual’s bad experiences. 

Industrial networks models. Previously, economic theory did not pay much 

attention to the established links between firms, but in the last decades researchers 

come to understand that networks are extremely important in the industrial sectors. For 

example there is a well-known example of the industrial districts in the Northern Italy, 

like Prato, the industrial district. The main characteristic of the industrial district is that 

it contains large number of small firms in the small geographical region that produce 

the same product and have strong connections between each other. These connections 

are represented differently in the number of the researches, they could be 

supplier/consumer relations, sharing production techniques, financial connections, or 

even friendship relations. 

Another popular example is innovation networks that could be seen in the 

knowledge-intensive sectors like computer technologies. These networks could be a 

bit different from the standard industrial districts, since they do not require 

geographical proximity of the firms in the sector. Apart from that connections are the 

same. Let us consider the example proposed by Gilbert et al. (2001) who developed a 

model of innovation networks in which agents have certain stock of knowledge and 

expertise, called “kenes”. These kenes are used to create new products that are then 

sold to other firms in the environment. However, a product can only be produced if 

components for it could be purchased from other firms, and there is demand for this 

product on the market. Fortunately, firms can improve their kenes to improve their 

products and market performance either through individual research and development 

activities or through incorporating knowledge obtained from other firms by 
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collaborative arrangements. There are two levels of the model. First is the industrial 

market with firms trading with each other. Second is the model where agents learn 

through the natural selection, where firms that cannot find a customer cannot produce 

anything and withdraw from the market, whereas the most competitive firms survive, 

collaborate with other firms, and produce “child firms” that incorporate the best traits 

of the “parents”. 

This kind of models is useful in the field of production optimization and 

stimulating economic and innovative growth by creating clusters. 

Supply chain management. Often product before getting to the user travels a long 

rout from suppliers to distributors, which implies presence of many strong connections 

between a number of companies just to produce and sell one product. Therefore 

optimization of the supply chain is more and more important and complex, since 

products now (especially in the technology-intensive sectors) require more components 

from all over the world. Modeling supply chains is an effective way of studying 

effectiveness of management policies, for this purpose multi-agent models are 

becoming increasingly popular. The main reason why a multi-agent model is the most 

suitable for this task is that it provides possibility to assign each business involved in 

the chain with an agent with own behavior rules. Moreover this model makes easy to 

imitate the flow of information and products along the line. 

Let us now present on of the researches in this field undertaken by Strader, Lin, 

and Shaw (1998), who studied impact of the information sharing on divergent assembly 

supply chains, which are typical of the electronics and computer industries. Divergent 

assembly supply chains are characterized by a small number of suppliers producing 

generic subcomponents (e.g. transistors or controllers) that are used to produce a range 

of generic products (e.g. micro schemes, CPU, hard drives) that are then used to 

assemble customized products like personal computers at distribution points. The 

model considers three different order fulfillment policies: 

1. Make-to-order, when production is triggered by customer orders. 

2. Assembly-to-order, when components are built and held in stock, and only 

the final assembly is triggered by an order. 



 

 

72 
 

3. Make-to-stock, when production is driven by the stock level falling below 

a threshold. 

Moreover, authors explored how different amount of information sharing 

between the agents affects the model. 

The results showed that assembly-to-order approach together with the sharing of 

supply and demand information between organizations tied in the supply chain is the 

most efficient model. As authors mentioned, their results provide proof for the idea that 

information could substitute the inventory. In other words, if a producer has reliable 

and sufficient information, the uncertainty about demand could be reduced, allowing 

optimization of the held inventory. 

Electricity market models. In a number of developed countries electricity supply 

is privatized. Usually electricity market consists of two or three major power suppliers 

who sell electricity to the distributors who then sell it to the consumers. Since this 

structure is different from the traditional state-owned electricity industry, it created an 

area for exploration using ABMs. Usually these models aim to understand the effects 

of market regulations; changes to the number and type of suppliers and purchasers; and 

policy changes intended, for example, to reduce the chance of blackouts or decrease 

the environmental impact (Bagnall & Smith, 2005; Batten & Grozev, 2006; 

Koesrindartoto, Sun, & Tesfatsion, 2005). 

Generally, in this type of models agents are supply companies that offer market 

to provide it with a certain quantity of electricity at a certain price for a certain period. 

Which is similar to the real market where the best of such offers is accepted. However, 

the market situation is complicated by several factors. First, demand for electricity 

changes continuously, which complicates process of setting desired price by the 

suppliers. Second, connected to the first one, is that the cost of generating the power is 

very nonlinear, since only peak demand lasting for the several hours might require the 

full output, during the other time there is no point in producing the electricity on all 

stations or at full power. 

There is a number of useful results that could be obtained by running the 

simulation, for example, what is the optimal number of suppliers for the market with 
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given parameters, or under which conditions price of the electricity comes down to its 

marginal cost of generation, or how different market designs affect the producers. 

Lately this type of models have been enhanced with a feature allowing agents to learn 

trading strategies by increasing chance of using strategies that have been proven to be 

successful and reducing it otherwise. 

Participative (companion) modeling. Another surprising area where ABMs 

could be used is management of scarce natural resources such as water or woods. This 

approach involves building a multi-agent system in close association with informants 

selected from the people living in the problematic area and much more practical-

oriented then other approaches. Participants are usually interviewed on the object of 

the problematic situation, and then engaged in a specially tailored roleplaying game 

(RPG) to collect the data. After all needed data has been collected, researchers build a 

computer model that is used as a training aid or as a negotiation support, allowing the 

answering of “what-if” questions about possible decisions concerning the problem of 

scarce natural resources. 

As an example one could mention the work of Barreteau et al. (2001) that 

describes how participative modeling has been used in order to understand why an 

irrigation scheme in the Senegal River Valley has not been successful in general. 

Researchers created a RPG and a multi-agent ABM called SHADOC to recreate the 

interactions between the various stakeholders involved in making decisions concerning 

the allocation of water to arable plots in the irrigated area. The ABM was developed 

first and then its main elements were converted to the roleplaying game, where players 

were equivalent of the agents, aiming to validate the model and ease usage amongst 

the participants. Authors state that their approach is “enhancing discussion among 

game participants” and mention as a success that “the problems encountered in the field 

and known by each individual separately turned into common knowledge.” 

History-friendly models 

Another type of models that fall under the broad class of ABMs, but have a 

several significant differences from the other types (and thus need more detailed 

overview), are “History-friendly” models. They, as many other simulation models, are 
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able to imitate complex systems in terms of generating interactions that are not 

encoded. These interactions allow one to study the whole process relying on its parts. 

As stated in Garavaglia (2010), History-friendly models are stand-alone simulation 

models, precisely specified and formally structured, which build upon the definition of 

‘interacting objects’. Where objects could represent both, agents and the environment, 

defined by their characteristics. This type of models is not aimed at prediction, but 

rather at understanding and explanation how certain industry behaves. It represents the 

routines and behavior of economic agents regarding evolutionary mechanisms of the 

industry, like emerging of the new technologies or demise of some companies. This 

models usually answer to questions like “What might have happened if …?” and “Why 

exactly that happened?” There are three main points of interest for the history-friendly 

models that are traditionally outlined: 

— Explaining from the history perspective how current phenomena are 

possible to observe. 

— Researching rules and conditions that make an event happen under certain 

limitations. 

— Explaining the conditions and the deterministic explanations behind the 

“typical” history that occurred. 

The earlier versions of the evolutionary models usually had a bit too simple 

structure and their empirical basis was given by very broad phenomena. In order to 

overcome this problems history-friendly models try to adopt more complex structure 

and limitations on the empirical basis. These models try to combine on the one hand 

formalized relationships of the agents and historical events on the other. They usually 

consider a specific industry or a market, while other evolutionary models could be 

applied to broad range of industries. 

One should keep in mind, that the goal of this approach is not to reconstruct 

socio-economic properties in detain, but rather investigate historical stylized facts. 

Structure of history-friendly models is essentially a laboratory construction of the 

artificial industry with artificial agents and market environments, which is made in 

order to explain certain phenomena. This also allows to call history-friendly models 
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industry-specific, since the phenomena is investigated only in the given industry. The 

analysis in this case consists mainly of testing the behavior of the model in order to 

understand what factors and fundamental processes make the model act as it does. For 

this testing to be successful and produce reliable results researcher should generate and 

then sample data so it would be a good approximation to the real one. However, history-

friendly simulations do not aim at reproducing results that empirically match the 

quantitative specific values of available historical records perfectly, they rather should 

be close to the real data in a qualitative sense. First of all, model should be logical and 

consistent to fulfill its’ main goal. However, if results of model are close to reality it is 

usually considered a good indication. Thus history-friendly models investigate the 

aspects of the chosen phenomena, both from a quantitative and a qualitative 

perspective. 

History-friendly approach makes an extensive use of so-called counterfactual 

analysis (alternatively known as if-worlds, allohistory, cliometrics, uchronia). History-

friendly models may even be considered a normative tool to investigate what effect do 

different socio-economic settings and industrial public policies have as a support for 

decision makers. In general, this analysis consists of “changing” previous event to 

investigate effects on the consequent situation, thus evaluating how some changes 

would alter the course of actions. This analysis is known for a long time and usually 

used in policy evaluation to see the effects of introduction of certain policy. Although 

the debate on the effectiveness of counterfactual analysis is still open, since it is not 

always easy and appropriate to implement it, it is clear that “good” counterfactual 

investigations are informative, beneficial for the research, and allow escaping some 

social biases (e.g. cultural). For counterfactual investigation to be good, it should be 

presented in simple and understandable way, but with detailed reasoning why 

considered changes are plausible and why they did not occur initially. 

As for history friendly models, counterfactual investigations could be used both 

as a testing procedure and an investigation tool. They have proven to be a good test for 

the consistency of the logic of the model and for the robustness of the results. This kind 
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of analysis could be viewed as a reconstruction of alternative scenarios that allows to 

discuss the evolution of the given industry. 

This industry-based and quality-focused that heavily relies on history genuinely 

have been considered to represent the “fall of one particular leaf from a tree”, as 

described by Silverberg, thus criticized because they model a “typical” history, which 

may not exist in reality, or even just be a coincidence. As a contradiction to this point 

we should mention that historical events used in the models are usually result of causal 

and systematic explanations, rather than a random occurrence. This is also the reason 

why history-friendly models should be carefully tested and calibrated, sometimes even 

using extreme scenarios, where the outcomes are easily predictable. 

Opposed to the common view on the history-friendly models, that we mentioned, 

it is suggested to try developing more general models that explain the “fall of many 

leaves from many trees”. Probably, deeper understanding of the basic processes of 

different industries would allow to find common traits and rules among them, which 

would make generalizing possible. However, at the current state of history-friendly 

models it does not seem easy to perform that, thus further research in this field should 

be done. 

Before continuing to the examples let us first present main points that should be 

covered when presenting history-friendly model (and many other ABMs in general): 

1. Clear explanation of the environment used. This, on the one hand, allows 

better understanding of the model, but on the other, helps researcher a 

deep knowledge. This would also give the model framework more 

creditability. 

2. An overview of the theoretical background, which could be presented in 

analyze of already existing researches and relevant theories. This point, 

again, serves the purpose of “reinforcing” the model and the phenomena 

considered. It is crucial to give clear explanation of how this theoretical 

background is incorporated into programming of the model. Apart 

everything else, here researcher also faces a trade-off between descriptive 

accuracy of the model and explanatory power. 
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3. An outline of the most relevant features of the model. This is, obviously, 

made for understanding of the models structure and functioning. 

4. The fourth point is an overview of the results, which also includes results 

of the calibration process that consists of a repeated change in the 

parameters and methods of assessment. If counterfactual analysis is used, 

then it should be also outlined here. Each result should be made as clear 

as possible, so it could be used in further researches. Further prospects of 

the model could also be mentioned at this section. 

Let us now consider an examples of practical use of such models. One could 

mention notable research of Malerba et al. (1999) considering evolution of computer 

industry. In the paper several key events of the computer sector are analyzed, such as 

emergence of the IBM as a leading firm of the mainframe market, introduction of the 

microprocessors, leading to the rising of the personal computers market segment. 

Initial model showed key factors in the evolution of this industry, which are the timing 

of the introduction of the new technology, the bigger consumer lock-in for the 

mainframe market as compared to the PC market, and the higher price sensitivity of 

consumers in the PC market. 

In the subsequent research Malerba et al. (2001) enhanced the initial model to 

consider efficiency of the economic policies in the complicated market environment 

such as computer industry with dynamic increasing returns and high level of lock-in. 

This addition made the model more complex since it considered not only companies 

and consumers, but also other public or private institutions. Definitely, such addition 

made the model more complete and approached the reality closer. 

This models could also be used to examine the effects of new innovation 

approaches in the market. The work by Malerba and Orsenigo (2002) gives example 

of the pharmaceutical industry moving from era of random screening to the molecular 

biology era. This process involved changes in approach to development of new drugs, 

but also changes in the completion and market structure. This research showed that 

given the nature of the processes of drug development, the main features of the 

competition process, the low degree of cumulativeness and the fragmented nature of 
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the markets in the given industry, a level of overall concentration of the industry soon 

becomes rather low. In this case, the advent of biotechnological firms does not 

represent a displacement of the core ones. 

Another thing to consider as a conclusion is prospects of the agent-based 

modelling and how it could evolve. For example, Frenken (2006) gives example of 

four possible directions of development for the innovation models, but the same could 

be said about all other ABMs. 

1. Applying core models on the topics not yet extensively researched with 

this approach, such as economic geography, evolutionary 

macroeconomics, CSR, and many others. 

2. Recombining core approaches. For example combining supply chain 

models with industrial networks allows to gain interesting information on 

how supply chains affect clustering of the companies and vice versa. 

3. Recombining ABMs with earlier evolutionary models of the industry 

dynamics. 

4. Empirical testing of core models. This, however, could be done in several 

ways. In some applications, hypotheses can be derived deductively as 

outcomes of the model. Although, in the most situations empirical 

validation of ABMs follows a different methodology based on a model’s 

capacity to replicate stylized facts, which we discussed in the end of 

Section 4.1. 

To sum up it should be mentioned, that this of different approaches does not 

cover every existing implementation of the agent based modeling but merely shows 

that this method of modelling provides a lot of possibilities for researchers to analyze 

and test social and economic and environmental environments. 

Exercises 

1. Think of any other application of the ABMs. Why exactly could they are 

appropriate? 

2. (based on Axelrod, 1997) A) Consider a Schelling model with 64 cells 

and 40 agents. Assume there are 20 greens and 20 reds. Let the greens be 
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satisfied if less than 2/3 their neighbors are reds, at the same time let the 

reds be satisfied if at least half of their neighbors are reds. Run the model 

for 100 cycles. Then for each of the 24 empty cells, write an A in the cell 

if more of its neighbors are greens than reds, and write a B in the cell if 

more of its neighbors are reds than greens. Then see if the greens enjoy a 

greater expanse of free space by seeing if there are more A's than B's. B) 

Do ten restarts of the model 2.A, then construct a histogram to analyze the 

distribution of the results. 

3. (based on Axelrod, 1997) In a Schelling model with 64 cells consider 30 

Reds and 10 Greens, both with the original (and equal) requirements for 

contentment. For density studies, use the A and B measures described for 

the previous exercise. You should arrange to stop a run when no further 

change is possible. For example, by using periods of at least 40 events, 

and checking whether there has been no movement in the current period 

since that would imply that everyone is content and no will ever move 

again. Answer the following questions: 

1. Do minorities get packed in tighter than majorities? 

2. Does the process of moving to the optimal positions settle down 

faster when the numbers are unequal? 

4. Consider an opinion dynamics model as explained in Section 4.2. Create 

the model with 400 agents interacting, where 80 % of agents are 

conformist with degree of uncertainty at 0.4 and other 20 % are extremists 

(have opinions close to either 1 or –1) with uncertainty at 0.1. Model agent 

interaction as described in the book with 450 iterations (Deffuant et al. 

(2002) could be useful). Present results as a graph. What results are 

showing? Consider general level of uncertainty at 1.0; at 1.4. How results 

change?  
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SUMMARY  

This book takes in consideration several important aspects of the methods Monte 

Carlo (MMC), since they allow to solve a wide range of problems that are out of scope 

of traditional approaches. The main advantage of MMC is that they allow instead of 

simplifying the models or using highly specified approaches, employ more general 

Monte Carlo algorithms and obtain reliable results. Considering usual simplicity of 

these algorithms, which we underlined several times in the book, Monte Carlo methods 

appear to be an ultimate tool that could provide surprising results in complicated 

problems. 

Following the course of the book we overviewed several main concepts and 

approaches using ideas of methods of Monte Carlo. Apart from that we showed that 

MMC could be applied to different problems. Let us summarize notable points of each 

chapter in few words. 

The first part showed that the concept of Monte Carlo approach first appeared 

even before computer technologies and over the years had proven to be effective as an 

alternative method for solving computational problems. As we stated, MMC are 

essentially group of computational methods relying on random events or numbers. This 

chapter also demonstrated that numbers generated by RNGs are not random in the 

strictest sense, but rather generated by complex algorithms that by itself could be 

subject for further modification. We also give several examples that include estimating 

value of π, gambling problem, and coupon collecting problem. That indeed shows 

usefulness of applying Monte Carlo methods to the problems of general mathematics 

and probability theory. Therefore this also opens great possibilities of implementation 

in computer and natural studies. 

The second part, mainly dedicated to the explanation of the sampling concept, 

clearly showed that sampling is exceptionally useful in the statistical field. Some of the 

most common distributions are, indeed, built-in in the programming software. 

However, it usually requires creative approach since not every distribution is not 

sampled from with ease. In this case Monte Carlo approach are used, allowing to 

sample from virtually any distribution. This part contains two examples of possible 
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ways of sampling uncommon distributions using MMC. They show how this approach 

could be used in the field of applied statics and possibly econometrics. 

The third part is devoted to the optimization heuristics. Optimization is one of 

the core ideas in spheres, such as economic theory, management, logistics, and many 

others. It is mentioned that heuristics usually mimic some natural phenomena, like 

annealing, evolution, or navigation mechanism of ants. We presented several core 

heuristics, such as simulated annealing, threshold accepting method, tabu search, 

differential evolution, genetic algorithm, and ant colonies. We also provided several 

example of optimization heuristics for the discrete and continuous search spaces. In 

addition, this part provides reasons why heuristics (and usually Monte Carlo approach 

in general) are usually underused in researches. It is usually lack information on either 

how to use heuristics or when should this approach be used. 

The last part is focused on agent-based modelling approach. Which is modelling 

approach that involves creating different agents with a certain behavior within given 

environment to see how they interact. We also underline that this kind of models allow 

experimenting with social systems, thus providing valuable insight on how they work 

and factors that affect them. The part also presents several guidelines for constructing 

ABMs, such as, for example, KISS criterion that requires these models to be as simple 

and understandable, as possible. In the second section several core agent-based models 

are presented along with their implementation in researches of the last 20 years. That 

includes electricity market models, supply chain models, urban models that 

demonstrate how citizens segregate, opinion dynamics models that demonstrate how 

small group of people with extreme opinions and strong beliefs could convince the 

whole community, and some others. We also extensively focused on the history-

friendly models that allow understanding evolution mechanism of the chosen industry. 

This approach, as we mentioned, is highly relevant for such spheres as economics, 

management, sociology, biology, and others. 

This, indeed, shows that Monte Carlo methods could be used in wide range of 

studies and applied researches, from physics and biology to social studies and opinion 

theories. This range also includes economics and econometrics, where Monte Carlo 
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methods could be used to provide information about complex systems that include 

many economic agents and/or many significant factors affecting the system. 

We also mentioned several challenges that Monte Carlo approaches are facing. 

The main one is usually that researchers in many fields are not sure when and how to 

use it properly, and rather rely on traditional approaches simplifying the model too 

much sometimes. Secondly, the “randomness” of the approaches is considered to be a 

major drawback, especially in econometrics. Both this problems could be solved 

mainly by popularizing MMC and developing easy and understandable ways of its 

implementation. We also suggest that Monte Carlo methods to be used as a tool to 

evaluate the results of traditional approaches, which would make choice of the main 

evaluation method between these approaches easier. Another important problem is that 

with development of computer technologies, that once made Monte Carlo methods 

viable, more advanced and effective evaluation methods have emerged. And rising 

computational power of personal computers allows more problems to be solved 

traditional way. This problem, obviously, could not be solved completely, but 

developing new Monte Carlo approaches and modifying old ones could keep MMC 

effective and competitive. 

For the further study of the Monte Carlo methods there are several main roads 

to take. One is to consider theoretical framework of more complicated Monte Carlo 

approaches, for example Markov chain Monte Carlo, since they are more suitable for 

complex researches and implementations that involve high-dimensional distributions. 

This will provide more detailed image of nature of Monte Carlo approaches, allowing 

one to understand where and when they could be applied. Another is to research 

successful implementations of the Monte Carlo approach. We presented some of them 

that more or less related to the core approaches but there are a huge number of other 

researches, which would provide an insight about exactly how Monte Carlo methods 

could be applied in a given situation. Alternatively, one could explore possible 

combinations of already existing models to construct new ones. This will also allow 

studying existing models in more detail. 
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To conclude it should be mentioned that Monte Carlo methods have already 

proven themselves to be effective and have been used in the numerous researches, but 

they are constantly developing and, hopefully, would be even more frequently used 

further on.  
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